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We study a family of non-Abelian topological models in a lattice that arise by modifying the 
Kitaev model through the introduction of single-qudit terms. The effect of these terms amounts to 
a reduction of the discrete gauge symmetry with respect to the original systems, which corresponds 
to a generalized mechanism of explicit symmetry breaking. The topological order is either partially 
lost or completely destroyed throughout the various models. The new systems display condensation 
and confinement of the topological charges present in the standard non-Abelian Kitaev models, 
which we study in terms of ribbon operator algebras. 
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I. INTRODUCTION 

The subject of topological orders poses new challenges 
in the understanding of new phases of matter due to novel 
effects in quantum many-body physics There is by 
now a good deal of examples in condensed matter, like 
in fractional Hall effect systems , Q , [1] , Q , 01 , short 
range jlVB (Resonating Valence Bond) models 

or in quantum spin liquids [l^ . fl; 




models 




There exists also exactly solvable 
[Hi I that are paradigmatic 
examples for exhibiting topological properties that can 
be addressed in full detail since the whole spectrum of 
those models is known. Although topological orders typ- 
ically arise in the quantum physics of two spatial dimen- 
sions, it is possible to construct exactly solvable models 
in three spatial dimensions and beyond [2ll | . There is yet 
another field in which topological orders appear natu- 
rally. It corresponds to discrete gauge theories that arise 
as a consequence of a spontaneous symmetry breaking 
mechanism from a continuous gau ge g roup down to a dis- 
crete gauge group 0], [H, [2|,M: [H. [H- In 
these two-dimensional topological quantum field theories, 
the standard algebraic language to describe the residual 
gauge invariant properties of the excitations is that of 
quasitriangular Hopf algebras (quantum groups) [l^ . 

At the same time, quantum systems with topological 
order provide new expectations for findin g a lternative 
ways of robust quantum computation , [3d | , [3l| . In 
fact, there are several forms to set up schemes for topo- 
logical quantum computation, some of them based on the 



braiding of quasiparticles [3, HI, 
[13, [23I, some of them based solely on the topologi- 
cal entangled properties of the degenerate ground states, 
without selective addressing of the physical qubits and 
without resorting to braiding of excitations [s^ , [i^ , and 
others based on cluster states [4]| . 

Topological orders can be thought of as new forms of 
long range entanglement and they arc at the crossroads 
of condensed matter and quantum information [i^ , [ist , 
[11, [il, [ii, [i3, [11, In, [ll- Some forms of hid- 
den topological orders in quantum spin chains can be 



detected with string order parameters, which in turn can 
be interpreted in the light of quantum information tech- 
niques, and their long-range entanglement detected with 
them [45| using matrix product states from condensed 
matter. 

There are experimental proposals based on optical lat- 
tices [in , I52I t o implement models with Abelian topolog- 
ical orders [53|, and in particular, the study of the string 
order parameter mentioned above can also be proposed 
by means of these techniques Q ■ There are also propos- 
als for non-Abelian models based on Josephson junction 
arrays [H, [H, [s^l, in addition to the largely studied 
case of the fractional quantum Hall effect [38j . 

One of the emblematic examples of exactly solvable 
models to study topological orders on a lattice is the 
Kitaev model both in its Abelian and non-Abelian 
versions. It captures the algebraic properties exhibited 
by the discrete gauge theories mentioned above. In ad- 
dition, it provides us with an explicit realization of a 
Hamiltonian on a lattice, with the bonus that it allows 
for a model of topological quantum computation. 

Comparatively, there arc much less works on the non- 
Abelian Kitaev model than in the Abelian case (toric 
code). This is due, to some extent, to the additional 
mathematical technical difficulties presented by the non- 
Abelian case which is traditionally introduced with the 
language of quasi-triangular Hopf algebras and their rep- 
resentations [ll, [5^. Here we have made an effort to 
explain its contents in full detail and clarity with simpler 
algebraic tools based on group theory and their repre- 
sentations. Our goal is twofold: to make the model more 
accessible to a broader audience with a previous knowl- 
edge on the Abelian toric code, and to use that simpler 
presentation as a starting point for considering more gen- 
eral models. 

In this paper we introduce a family of non-Abclian 
topological models on a lattice, such that the standard 
Kitaev model corresponds to a particular case. More 
specifically, we study a two-parameter family labeled by 
a pair of subgroups N C M C G, N normal in G, where 
G is a discrete non-Abelian gauge group. The partic- 
ular case TV = 1, M = G correspond to the original 
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Kitaev models. The Hamiltonians of the family, denoted 
i/g'*^, are explicitly constructed in eq. ([SS)) . The stan- 
dard vertex ('electric') operators are modified according 
to the subgroup Af, while the face ('magnetic') opera- 
tors change in accordance with N. In addition, there are 
new terms entering in the Hamiltonians which act on the 
edges of the lattice. Since there is a qudit attached to 
each edge these are single-qudit terms. Depending on 
the choice of the pair of subgroups {M, N) with respect 
to G, the non-Abelian discrete gauge group of the whole 
Hamiltonian Hq''^^ may range from G down to the trivial 
group when M ~ N. This is so because the gauge group 
for these models turns out to be given by G' = M/N . 
Therefore, the new family of non-Abelian models pro- 
vides us with a mechanism of explicit symmetry break- 
ing of an original Hamiltonian with large discrete gauge 
symmetry group. In other words, this mechanism can 
also be seen as a symmetry-reduction mechanism, since 
we may have still a smaller gauge symmetry present in 
the Hamiltonian. 

The new edge terms do not commute with the ver- 
tex and face terms of the original Hamiltonian, but this 
can be compensated by slightly changing these vertex 
and face terms. This change corresponds to studying the 
regimen in which the single-qudit terms have a higher 
coupling constant. Choosing the models this way, we 
can study their ground state and also the charge conden- 
sation phenomena. At least in some cases, single-qudit 
terms can be understood as a mechanism for introducing 
string tension, or more appropriately 'ribbon tension', to 
some of the quasiparticle excitations which thus get con- 
fined. In those cases, a complete characterization of the 
charge types and domain wall fluxes will be given. 

In order to facilitate both the exposition of the results 
and the readability of the manuscript, throughout the 
main text we will be giving the main constructions and 
results omitting many auxiliary details or proofs. How- 
ever, all these can be found in a well-ordered form in a 
complete set of appendices. 

We hereby summarize briefly some of our main results: 
i / we introduce a family of Hamiltonians defined on two- 
dimensional spatial lattices of arbitrary topology which 
exhibit a variety of discrete non-Abelian gauge group 
symmetry and topological orders; 

ii/ the ground state of the models can be exactly given 

and characterized in terms of open a boundary ribbon 

operators. In many interesting cases the spectrum of 

excitations can be characterized accordingly; 

iii/ the new models show condensation and confinement 

of the charges in the original models with Hamiltonian 

Hg] 

iv/ in order to facilitate and complement the study of 
the family of models, we have carried out a thorough 
clarification of the main properties of the standard non- 
Abclian Kitaev model. In particular: 
iv.a/ The ribbon operator algebra is introduced in an 
intrinsic way, with the motivation to find operators that 
describe excitations. 



iv.b/ We study in detail and generalize the concept of 
ribbon. In particular, closed ribbons and a related al- 
gebra are defined, and their transformation properties 
described. 

iv.c/ The vertex and face operators that appear in the 
Hamiltonian arc related to elementary closed ribbon op- 
erators, showing that everything in the models can be 
translated to the language of ribbons, 
iv.d/ We give a detailed account of two-particle states, 
giving explicitly a basis for the states that clarifies the 
meaning of the labels for topological charge, 
v/ A description of the ground state in terms of boundary 
ribbon operators is given. 

This paper is organized as follows: in Sect|TT]we treat 
the standard non-abelian Kitaev model. We start ex- 
plaining the terms appearing in the Hamiltonian and 
go on characterizing the ground state and quasiparti- 
cle excitations by means of closed ribbon operators. We 
also present an explicit characterization of the topological 
charges of the model and study when single-quasiparticle 
states are possible. In Sect lllll wc motivate the new fam- 
ily of non-Abelian model Hamiltonians and present their 
generic properties. Then, we show how these models ex- 
hibit topological condensation and confinement described 
by domain walls. To this end we make use of closed and 
open ribbon operator algebras. Sect llVI is devoted to 
conclusions. 

Appendices deserve special attention since they con- 
tain the detailed and basic explanations of all the con- 
structions used throughout the text. Specifically, Ap- 
pendixl^contains a brief summary of representation the- 
ory for group algebras, their centers and induced charac- 
ters. In Appendix [Bl we perform an extensive treatment 
of ribbon operators, which are necessary to describe the 
whole spectrum of the models. We define ribbons as ge- 
ometrical objects and then construct and characterize a 
scries of ribbon operator algebras. In Appendix [C] we 
study the relationship between certain ribbon transfor- 
mations and the action of ribbon operator algebras on 
suitable subspaces, which is a key ingredient in describ- 
ing the topological properties of the models. In Appendix 
|D]we give some details about the local degrees of freedom 
that appear in the Hilbert space of two-particle excita- 
tions. In Appendix lEl we explain why single-quasiparticle 
states exist in non-abelian models on surfaces of nontriv- 
ial topology. Finally, in Appendix [F] we show several 
results needed for condensation and ground state charac- 
terization. 



II. NON-ABELIAN KITAEV MODEL 

A. Hamiltonian 

The data necessary for building up the model, as in- 
troduced by Kitaev are any given finite group G 
and a lattice embedded in an oricntablc surface. The 
edges of the lattice must be oriented, as shown in Fig. [T] 
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FIG. 1: The two dimensional lattice that we consider are ar- 
bitrary in shape and have oriented edges. Thick lines display 
the support of a face operator (left) and a vertex operator 
(right). 

At every edge of the lattice we place a qudit, that is, 
a I G I -dimensional quantum system, with Hilbert space 
Hq with orthonormal basis {\g) \ g E G}. This way, we 
identify Hq with the group algebra C[G]. The Hilbert 
space for the whole system is then Tic H^®", with n 
the number of edges in the lattice. For notational con- 
venience, we will denote the inverse of elements of G as 
g instead of the usual g^^. For completeness, we give a 
recollection of some basic properties of the group algebra 
C[G] in Appendix El 

Usually, when we talk about sites in a lattice we mean 
its vertices. However, here we will say that a site s is a 
pair s = {v, /) with / a face and v one of its vertices [l8|. 
The need to consider sites will be clarified later, when 
we discuss the excitations of the model in terms of strips 
associated to ribbon operators. This is in contrast with 
the Abelian case where one only needs to consider strings 
both in the direct and dual lattices. As it happens, 
to obtain a non- Abelian generalization we need to con- 
sider vertices and faces (plaquettes) in an unified manner 
through the concepts of sites, and strings and dual strings 
in an unified manner through the concept of ribbons. 

The Hamiltonian of interest, as introduced in [isj . is 

/ 

where the sums run over vertices v and faces /. The 
terms Ay and Bf are projectors, called respectively ver- 
tex and face operators, or electric and magnetic oper- 
ators. They commute with each other (|B37p . In what 
follows, we give their explicit form. 

First, we need a group of local operators at each vertex. 
We label its elements as Ag, g 6 G, with A^As' = A^s' 
so that they form a representation of G on Hg- The 
operators Ay act only on those edges that meet at v, 
and this action depends on the orientation of the edge, 
inwards or outwards v. For example, for the vertex v of 
figure H]) we have 

A^y\x,y,z,- ■ ■) \gx,yg,zg,- ■ ■), (2) 

where the dots represent other qudits, which do not 
change. These are the "local gauge transformation" [l^ 



operators. The vertex operators Ay that appear in the 
Hamiltonian are projectors onto the trivial sector of the 
representation of G at v, that is 

j-^ ^ A'^. (3) 

Now let s = (u, /) be a site and ps denote the closed 
path with its endpoints in v and running once and coun- 
terclockwise through the border of /. That is, Ps is re- 
lated to an elementary plaquette. We can then consider 
operators B§, g £ G, that project onto those states with 
value g for the 'product along p^'. For example, for the 
site s of figure ([T|) we have 

Bf |a, b,c,d,...):^ ^gMbcdW, b, c,d,...). (4) 

These are the "magnetic charge" [l^ operators. Note 
that the orientation of the edges respect to the path 
is relevant. The face operators Bf that appear in the 
Hamiltonian are projectors onto the trivial flux, that is 

Bf := Bl (5) 

where s is any site with s ~ {v, /) and 1 is the unit of G. 
The operator Bf can be labeled just with the face, not 
with the particular site, because if the flux is trivial for 
a site then it is so for any other in the same face. 

Since the Hamiltonian is a sum of projector operators, 
the ground state subspacc contains those states |^) which 
are left invariant by the action of the vertex and face 
operators, namely, 

Ay\O^Bf\0^\0, (6) 

for every v and /. That is, the projector onto the ground 
state is 

PGs=n^''n%- (^) 

/ 

In the sphere or the plane, there is no ground state 
degeneracy [Tsj. In particular, the ground state can be 
obtained easily 

\lbG) = PGs\l)^l[Ay\l), (8) 

V 

where |1) is the state with all the qudits in the state 

If an eigenstate violates some of the conditions ([6]) it is 
an excited state. Note that there is an energy gap from 
the ground state to excited states and that excitations 
are localized. If Ay\£^) = 0, then we say that there is an 
electric quasiparticle at vertex v. If = 0; then we 

say that there is a magnetic quasiparticle at face /. In 
general electric and magnetic charges are interrelated, as 
we will see, and one says that quasiparticles are dyons 
that live at sites. 

The excitations of these models carry topological 
charge. Let us explain what this means. First, con- 
sider a configuration with several excitations, far apart 



from each other. Each of these excitations has a type, 
a property that can be measured locally and does not 
change [131 • It is this type what we refer as a topological 
charge. The point is that there exist certain degrees of 
freedom with a global, topological nature. In particular, 
there exists a subsystem which depends on the value of 
the charges and such that no local measurement is able 
to distinguish its states [l^. This subsystem is thus pro- 
tected and a good place to store quantum information. 
When two quasiparticles get close, some degrees of free- 
dom of the protected subsystem become local. This op- 
eration, called fusion, allows to perform measurements. 
Finally, one can perform unitary operations on the pro- 
tected subsystem by suitably 'braiding' the excitations. 

We will not be concerned with the particular rules that 
govern the processes of fusion and braiding. Instead, we 
only want to be able to label the topological charges. 
But for this, as we shall see, it is enough to study certain 
ribbon operator algebras, which are introduced next. 
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FIG. 2: Thick lines correspond to the lattice and thin lines 
to the dual lattice. Arrows show the orientation of edges and 
dual edges. Note that dual edges are oriented in agreement 
with edges (see explanation in main text). The shaded area 
is a ribbon. All the sites that form the ribbon are displayed 
as dashed lines, thicker in the case of the two sites in the 
ends. The arrowed thick white line shows the orientation of 
the ribbon. 



B. Ribbon operators 

This section is devoted to ribbon operators [l^ , which 
will be extensively employed throughout the paper. The 
main motivation is that ribbon operators describe quasi- 
particle excitations above the ground state in the Non- 
Abelian Kitaev model, much like string operators de- 
scribe the corresponding excitations in the Abclian case. 
A full account of the properties and definitions for ribbon 
operators used in this section is presented in Appendix iBl 
specially in IB 81 where a basic characterization theorem 
for ribbon operators is proven. 

The basic idea behind ribbon operators is the follow- 
ing. First, ribbons are certain 'paths' that connect sites 
(not vertices), as shown in Fig.[2l Suppose that for every 
pair of sites s and s' and for every ribbon p connecting 
them we have at our disposal certain family of operators 
{Op}i with support in the ribbon p. In particular, sup- 
pose that any state with no excitations along p except 
possibly at s and s' can be written as 

i 

in terms of certain states 1?/;^) which have no excitations 
along p except possibly at s', but not at s. Then, any 
state can be obtained from states with one excitation less 
by application of such ribbon operators. In the sphere, 
where as we will see there are no states with one excita- 
tion, this means that any configuration of excited sites 
can be obtained from the GS by application of ribbon op- 
erators connecting these sites. Thus, we are addressing 
a situation for quasiparticle excitations which clearly re- 
sembles that of the Abelian Kitaev model, where strings 
in the dual and direct lattice have operators attached to 
them that create excitations at their endpoints. 

Before ribbons can be further considered, we need to 
give more structure to our lattice. In particular, we will 




ia) (b) 




(C) (d) 

FIG. 3: Each figure represents a triangle r (shaded area) that 
connects two sites (dashed lines): dor to the left and dir to 
the right. Thick lines correspond to the lattice and thin lines 
to the dual lattice. Arrows show the orientation of edges and 
dual edges, (a) A direct triangle with an edge which matches 
its direction, (b) A direct triangle with an edge which does 
not match its direction, (c) A dual triangle with a dual edge 
which matches its direction, (d) A dual triangle with a dual 
edge which does not match its direction. 



have to deal with a 'merged' lattice in which the lattice 
and its dual play a simultaneous role. The reason to 
consider this merged lattice is that the excitations, as 
commented above, are related to sites, i.e., pairs s — 
{v, /) of a vertex and a face. Since the dual of a face 
is a vertex in the dual lattice, we could equally well say 
that a site is a pair of a vertex v and a neighboring dual 
vertex v' = /*. Thus, a site is best visualized as a line 
connecting these two vertices, as the dashed lines shown 
in Fig. H 

In order to have an oriented merged lattice, we orient 
the edges of the dual lattice in such a way that a dual 
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edge e* crosses the edge e 'from right to left', as in Fig.[2l 
This can be done because we are considering orientablc 
surfaces only. Just as edges connect vertices in a nor- 
mal lattice, we need something that connects sites in the 
merged lattice. These connectors turn out to be certain 
oriented triangles that come into two types: direct and 
dual triangles. A direct triangle t is formed with two 
sites and an edge, as shown in Fig. [31[a,b). The idea is 
that r points from a site Dqt (dashed side to the left) to 
a site diT (dashed side to the right) through an edge e,- 
in the direct lattice. Note that the directions of r and 
Cr can either match or not, as the figure shows. A dual 
triangle r' is formed with two sites and a dual edge, see 
Fig.[3l^c,d). Again, it points from a site dor' to a site dir' 
through an edge e*/, which now belongs to the dual lat- 
tice. Again, the directions of r' and e*, can cither match 
or not. as the figure shows. 

Just as in a usual lattice a list of composable edges 
forms a path, in the merged lattice a list of composable 
triangles forms a triangle strip. So a strip is a sequence 
of triangles p = (ti, . . . ,r„) with the end of a triangle 
being the beginning of the next one, diTi = doTi+i. The 
ends of a strip are dop = DqTi and dip = 9it„. A trian- 
gle strip is called a ribbon when it does not self-overlap, 
except possibly on its ends. A generic example of ribbon 
is shown in Fig.[2l For a detailed description of triangles, 
strips and ribbons on a lattice, we refer to Appendix IB II 

Our next task is to attach to each triangle an algebra 
of operators which is enough to move quasiparticles be- 
tween its two ends, in the sense of ([9]). With this aim 
in mind, we first define triangle operators, which are sin- 
gle qudit operators acting on the edge Bt of a triangle r. 
these operators depend on whether the triangle is direct 
or dual and on the relative orientation of Ct- The four 
possibilities are depicted in Fig. [31 The corresponding 
operators are 

(a) T?\k) = Sg,k\k), (b) T?\k)^Sg^k\k), (10) 

(c) mk)^\gk), (d) Lm^m, (n) 

where |fc) is the state of the qudit at the edge Ct- Thus, 
the triangle operators of direct triangles are projec- 
tors, like the B§, and the triangle operators of dual 
triangles form a representation of G, like the Ag. 

We start considering a direct triangle r. Since direct 
triangles connect sites with the same face but different 
vertices, triangle operators for direct triangles must be 
able to move electric, or vertex, excitations. Let v,v' be 
the two vertices of r. Then, as a special case of (|B46p . 

\G\ J2 T^A^T? = 1. (12) 
Thus, any state can be expressed as 

with \il)g) = \G\AyT^\il;) an state with no excitation at v 
because Ay projects out electric excitations. Moreover, 



T-! commutes with all face operators and all vertex op- 
erators apart from those in the ends of r, so that \ipg) 
has no excited spots which are not already in lip), except 
possibly at v' . These are the properties we were looking 
for and thus we define the algebra At as that with basis 

Next we consider a dual triangle r. Since dual trian- 
gles connect sites with the same vertex but different face, 
triangle operators for dual triangles must be able to move 
magnetic, or face, excitations. Let /, /' be the two faces 
of T. Then, as a special case of (|B47p . 

^ L^Bf^ 1. (14) 

Thus, any state \ip) can be expressed as 

= (15) 

geG 

with lijjg) ~ BfL^l^p) an state with no excitation at /, 
because Bf projects out magnetic excitations. Moreover, 
commutes with all vertex operators apart from those 
in the only vertex of t and all face operators except those 
from the two faces connected by t, so that {ipg) has no 
excited sites which are not already in \ip), except possibly 
at /'. These are the properties we were looking for and 
thus we define the algebra At as that with basis {L^}g^G- 

Now that we have triangle operators at our disposal, 
we can move quasiparticles at will, in the sense of ([9|. 
In particular, if we want to move an excitation from one 
end of a ribbon p ~ (ti, . . . , t,i) to the other end, we just 
proceed triangle by triangle. In other words, we can in- 
troduce an algebra Ap J-t^ which contains a family 
of operators {O*} with the properties related to Ap 
can be thought of as the algebra of all quasiparticle pro- 
cesses along p. Note that it is closed under the adjoint 
operator, Aj, = Ap. 

However, if we are just interested in processes were no 
quasiparticles are created or destroyed but in the ends 
of p, as is the case for ([9]), then Ap is just too general. 
Instead, we consider the ribbon operator algebra J^p C 
Ap, which contains those operators that do not create or 
destroy excitations along p. In other words F € J^p if 
[F, Ay] ~ [F, B f] ~ for any vertex v and face / which 
do not lie in the ends of p. Note that Tp is closed under 
the adjoint operator because Ay = Al, Bf = B^ These 
are the operators we were searching for in ([9]): a basis of 
J^p gives the desired operators O*, see (|B46| IB47p . Tp 
can be thought of as the algebra of processes in which a 
pair of quasiparticles is created in one end of the ribbon 
and then one of them is moved to the other end. In these 
terms, it is clear why excited states arc expressible by 
means of ribbon operators acting on ground states. 

A particularly meaningful basis for J-p , explicitly given 
in (|B66p . consists of certain operators F^^'^^ , labeled by 
C, a conjugacy class of the group G, R, an irreducible 
representation of certain group defined below, and 
the indices u = (i,j), v = with = 1,...,|C|, 
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j, j' = 1, . . . , nn. Here |C| is the cardinahty of C and n^^ 
is the degree of the representation R. The group Nc is 
defined as that with elements g £ G with grc ~ rcg for 
some chosen representative rc S C. In order to construct 
the operators F^^'^^ , one also has to choose a particular 
unitary matrix representation Ffl for R and enumerate 
the elements of the conjugacy class as C = {ci}, together 

CI — 

with a suitable subset {qi}]iJi C G such that Ci = qircqi- 
Later we will relate the labels R, C to the topological 
charges of the model and show how the indices u, v are 
related to local degrees of freedom at both ends of the 
ribbon. We will use the following notation to denote 
linear combinations of ribbon operators with the same 
topological charge label i?, G 




RC:uv 



(16) 



FIG. 4: An example of a deformation of a ribbon. The 
endpoints are fixed, and the area in between the two ribbons 
does not contain any excited site, which are represented with 
dotted lines. 



where a^^ G C. 

In the case of abelian groups there are no local degrees 
of freedom and the elements of the basis are F^^ = F^'^ 
with g € G and % an element of the character group of 
G. These operators are unitary and form a group: 



p p 



P 



px-g^ 
p 



px,g 
p ■ 



(17) 



Indeed, 



F^'^ are the string operators of abelian 
models, and := F^'^ the co-string operators, with e 
the identity character. 

An essential property of ribbon operators, which re- 
flects the topological nature of the model, is that in the 
absence of excitations the particular shape of the ribbon 
is unimportant: We can deform the ribbon while keep- 
ing the action of the ribbon operator invariant. More 
exactly, if the state \ip) is such that the ribbon p can be 
deformed, with its ends fixed, to obtain another ribbon 
p' without crossing any excitation, then 



This is illustrated in Fig. [4l 



F^'^ic^m. 



(18) 



C. Closed ribbons 

For a closed ribbon a we mean one for which both ends 
coincide, so that we can set da := doa = dia. In view 
of the definition of Jp, in the case of closed ribbons it is 
natural to consider a subalgebra C Aa such that it 
forgets the single end da. With this goal in mind, we let 
/Co- C Aa- contain those operators in Aa that commute 
with all vertex and face operators Ay, Bf. In terms of 
quasiparticle processes, such closed ribbon operators are 
related to processes in which a pair of quasiparticles is 
created and one end of them is moved along the ribbon 
till they meet again to fuse into vacuum. Closed ribbon 
operators play a fundamental role in characterizing the 
ground state of the model in a similar fashion as how 
closed strings are the building blocks for the ground state 




FIG. 5: Three examples of closed ribbons, ct is a proper closed 
ribbon, containing both dual and direct triangles. It is also 
a boundary ribbon, as it encloses an area with the topology 
of a disc, a is a dual closed ribbon and thus encloses a single 
vertex. /3 is a direct closed ribbon and thus encloses a single 
face. 



in the Abelian case (toric code). A detailed analysis of 
closed ribbon operators is performed in Appendix IB 91 

We first consider the smallest examples of closed rib- 
bons, i.e., dual and direct closed ribbons. We say that a 
ribbon is direct (dual) if it consists only of direct (dual) 
triangles. A dual ribbon like a in Fig. [5] encloses a single 
vertex v, and fCa has as basis the operators A'^, h G G. 
A direct ribbon like (3 in Fig. [5] encloses a single face /, 
and ICp has as basis the operators B'j^ . These are la- 
beled by the conjugacy classes C of G and take the form 
= J2gec fo'' * = i^^ /)■ Thus, after defining 
ribbon operators by means of vertex and face operators, 
we now see that vertex and face operators are themselves 
ribbon operators. 

As for the rest of closed ribbons a, which we call proper 
closed ribbons, it turns out that JC^ has as basis certain 
orthogonal projectors K^'~^ that form a resolution of the 
identity, as shown in proposition [51 The labels R, C of 
these projectors are the same appearing in the basis for 
J- p. In fact, in the next section we will characterize exci- 



FIG. 6: Examples of closed ribbon transformations. A tubu- 
lar piece of surface is displayed. The closed ribbon cti is a 
deformation of (T2 as long as there are no excitations between 
them. The ribbon 0-3 has an inverse orientation, and thus to 
obtain it from we have to consider a deformation plus an 
inversion. 

tations in terms of closed ribbon operators. 

The algebra ICa does not see the ends of a. Because 
of this, unlike Jv, it can stand deformations in which 
the end da is not fixed or, for that matter, rotations of 
the ribbon. More exactly, if the state IV") is such that 
the closed ribbon a can be deformed to obtain another 
ribbon a' without crossing any excitation then 

K^^\^)=K^F^\^), (19) 

see appendix IC 21 This is illustrated in Fig. [6l Another 
kind of transformation is possible for closed ribbons. In 
particular, we can consider deformations plus inversions 
of the orientation of the ribbon, as shown in Fig.[6l When 
a' is a transformation of a which includes an inversion 
we have 

Kf''\i:)=K!^P\i,). (20) 

where C is the inverse conjugacy class of C, R'^ is the 
conjugate representation of R'^ and R'~^ is an irreducible 
representation of defined by i?*^(-) := R{g ■ g) if fc ~ 
grgg for some g ^ G. In the next section we relate this 
to inversion of topological charge. 

D. Topological charges 

Let so,si be two non-adjacent sites in a lattice em- 
bedded in the sphere. From the discussion on ribbon 
operators it follows that the states 

|i?C;uv) :=Fp^C';uv|^^^ (21) 

form a basis for the subspace with excitations only at sq 
and si. Here \iPg) is the ground state ([8]) and p is any 
ribbon with dip = Si. 

For each site s = (u, /), we introduce the algebra Vs 
with basis {D^l^ := A'^BDh^g^a- The reason to intro- 
duce it is that its action on an excitation at s gives all pos- 
sible local action on the excitation [l3|. In other words. 



FIG. 7: An open ribbon p that connects two sites so and si 
and two closed ribbons ctq and cti that surround counterclock- 
wise So and si, respectively. The ribbon operators Fp'^ of the 
open ribbon change the excitations at so, si. The ribbon op- 
erators , of the closed ribbons project the system 
onto states with a given topological charge at so, s\. 

Ds is useful to show why u, v are just local degrees of 
freedom. The action of the algebras P^. on the states 
(EJ) is 

Dlf\RC- uv) ^ 5g^,^ ("(%)) 1^:^^; u(5)v), 

s=l 

D':f\RC; uv) = 6g-c^, ^ T'^' in{hqe )) \RC; uv(s)), 

s=l 

(22) 

where u = v = [i'J'), u(s) = {i{hq.,),s), v(s) = 

(i{hqii), s) and we set for any g £ G g ~: qi{g)n{g) with 
n{g) G Nc. Equations (22) are a consequence of (|B691 

El). 

As shown in detail in appendix ID| it is possible to find 
operators d",, G Pso and d^,, G with 

d^n dZ'n \RC- uv) = (Su,u"'5v,v" \RG; u'v'). (23) 

Thus we see that a state with particular labels u, v can 
be transformed with local operators into one with any 
other labels u', v'. Roughly speaking, for local operators 
we mean operators which act on a neighborhood of the 
excitations. More exactly, local operators should have a 
support which does not connect excitations. 

What about the degrees of freedom related to the la- 
bels R and C? They can certainly be measured locally, 
because there exists a set of projectors Df^^ G T>sg with 

Dff \R'G'; uv) = Srm'Sc.c \RC; uv). (24) 

However, R and G cannot be changed locally, in the sense 
that an operator with a support not connecting both 
sites and which creates no additional excitations will not 
change their values. To see this, consider two closed rib- 
bons ctq Enid CTi that enclose respectively the sites sq and 
si counterclockwise, as in Fig.[7l From the discussion in 
appendix IC 31 it follows that 

\R'G'; uv) = Aff ^ \R'G'; uv) = Sr,r,Sc.c'\RC; uv). 

(25) 
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FIG. 8: A boundary ribbon a that encloses several exci- 
tations counterclockwise. The corresponding operators K^'~' 
are projectors onto the sector with total topological charge 
(J?, C) inside the ribbon. 

Any operator with no common support with a will com- 
mute with the projectors i^^*^, and thus cannot change 
the value of i? and C. In particular, any operator which 
changes R and C must have a support that connects the 
sites So and si. 

Indeed, the preceding discussion shows that R and C 
are the labels of the topological charges of the model. 
Thus the charge of an excitation is the pair (i?, C) , with 
C a conjugacy class of G and R an irreducible representa- 
tion of Np. If a closed ribbon a encloses certain amount 
of excitations, as in Fig. [H the projectors K^'-^ corre- 
spond to sectors with different total topological charge 
in the region surrounded. If |^) is a state with no excita- 
tions in the area enclosed by cr, we have 

^^^10 = 10, (26) 

with e the identity representation, see appendix IF] Thus, 
(e, 1) is the trivial charge. This offers a way to describe 
the ground state of ([1]) as the space of states for which 
holds for any boundary ribbon, that is, any closed 
ribbon enclosing a disc or simply connected region. 

In a region with no excitations, quasiparticlcs can only 
be locally created in pairs, so that the two excitations 
have opposite charges and the total charge in the region 
remains trivial. From ([20]) or ([25]) it follows that the 
opposite of the charge (i?, C) is (RP ■, C), 



E. Single-quasiparticle states 

In a sphere there do not exist states with a single ex- 
citation. The reason, as shown in Fig. [9l is that any 
closed ribbon a divides the sphere in two regions, both 
of them simply connected. The ribbon cr surrounds one 
of this region counterclockwise, call it and the other 
one clockwise, call it i?2. Then the operator K^^ is a 
projector onto the subspace with total charge (i?, C) in 
but also a projector onto the subspace with total 
charge {R-^ ,C) in i?2. Thus, if there are no excitations 



FIG. 9: A closed ribbon in a sphere. Its ribbon operators 
K^'^ project onto states with topological charge {R, C) in 
the upper side of the sphere and {R'^ , C) in the lower side. 

in we have a total charge (e, 1) in Ri and also a total 
charge (e, 1) in i?2. But a single excited site cannot have 
trivial charge, and thus i?2 contains either zero or more 
than one excitation 

What about surfaces with non-trivial topology, such 
as a torus? In the case of Abelian groups, the situation 
is the same as in the sphere: there are no states with a 
single excitation. In the case of vertex excitations, that 
is, electric charges, this follows from the fact that 

X{Al^l. (27) 

For face excitations, that is, magnetic charges, an anal- 
ogous result holds. For any character x of G, let := 
EgeGX(s)^f for s = («,/). Then 

n ^/ = 1- (28) 

For non- Abelian groups, the situation is very different. In 
fact, examples of single-quasiparticle states can be con- 
structed, see appendix (|E)) . 

III. CONDENSATION AND CONFINEMENT 

A. The models 

We want to modify the Hamiltonian Hq by introducing 
single qudit terms. In particular, we propose to consider 
projectors of the form 

■■=mI1 ■■= E (29) 

' ' neN meM 

where r is a dual or direct triangle and N, M are sub- 
groups of G. Thus projects out the trivial represen- 
tation of N and selects those states within M. We 
want to have single qudit operators that do not depend 
on the orientation of the edge e = Ct- This is automatic 
for T^' := T^^, but in the case of dual triangles this 
is true if and only if N is normal, so that we can set 
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:= L^. That is, if n £ iV and g e G, then gng e TV. 
Moreover, we want these two kinds of singlc-qudit terms 
to commute 

[L^,n']=0, (30) 

which is true if and only if iV C M. 

Now consider a Hamiltonian of the form 

H^Ha-f^Y^i^e +Ti') (31) 

e 

where /i is a positive coupHng constant and the sum runs 
over edges e. The problem with this Hamiltonian is that 
the new terms do not commute with Hq- However, as 
we show now, we can still consider the limit of large /i. 
In this limit, the low energy sector is projected out by 

P:=(g)r/%^. (32) 

e 

Let us define the following vertex and face projectors 

■■=W\T. :^ Y: Sr, (33) 

where s = (w, /) is a site. Note that only depends 
on / because N is normal. We now make the following 
observation 

|M|PAf P= \G\PA^P, 

PB^ P =\N\PBjP. (34) 

Thus, studying the low energy sector of |3T|) for large /i 
amounts to study the sector with no edge excitations of 
the Hamiltonian 

H^' := - E - E - E (^'^ + ■ (35) 

/ e 

The point of these Hamiltonians is that all its vertex, 
face and edge terms commute and thus the ground state 
of the system can be exactly given. It turns out that it 
is related to that of ([T]) but for the group G' := M/N , 

1 G 

as we will see in the next section. Note that Hq is just 
the original Hamiltonian ([1]), up to a constant. Although 
we have motivated the introduction of (|35|) through ([3l]l . 
our aim is to study the models Hq^^ in their own right, 
for arbitrary subgroups N C M C G with N normal. 

B. Ground state 

The ground state of Hamiltonian ([35|l is described by 
the conditions 

A'Jlyj) ^ Bfl^p) = IV) = Ti^^lV) = (36) 

where v is any vertex, / any face and e any edge. Viola- 
tions of these conditions amount to vertex, face or edge 



excitations. Let V be the subspace of states with no edge 
excitations, which is projected out by the projector P of 
([5^ . y is a tensor product of single qudit subspaces 
^ ^e^J^i/Ni with Vaz/at C H'q the subspace with 
orthonormal basis: 

\m) := |7VP^ E 1^")' '^^ ^ (37) 

Thus V ~ Ti-M/N, that is, within the subspace V we 
are effectively dealing with qudits of dimension \M/N\ 
which are naturally labeled through the group quotient. 
We denote the corresponding isomorphism by 

P ■ Um/n ^ V. (38) 

Let us write 

H'm/n '■= P Hm/n (39) 

that is, H'j^ijj^ is the Hamiltonian ([T]) , for the group M/N, 
applied to the subspace Vaz/^v. Wc have 

H',,/^P^[h^'' + 2\E\)p (40) 

Thus, within the sector with no edge excitations we 
arc effectively dealing with the Hamiltonian Hm/n O- 
Moreover, the ground state of Hq'^'^ in T-Lg is that of 
^M/N ^ ■ "^^^ projector onto the ground state is 

p^f := p n < n - ^ n n (41) 

where A'^ := pAyp~^, B'^ := pBfp~^ with A^j and Bf 
acting in H-m/n- In the sphere, the normalized ground 
state is 

\^r')^Pos''\^)^X{KW- (42) 

V 

Thus the new edge terms in the Hamiltonian, which 
can be thought of as a sort of generalized 'Zeeman 
terms' [131, have the role of selecting a particular sector 
of the Hilbert space in which a new non-Abclian discrete 
gauge symmetry appears, namely G" = M/N . Thus, 
edge terms amount to an explicit symmetry breaking 
mechanism, since in general the gauge symmetry is re- 
duced, even to a trivial one if M — N . Alternatively, we 
can say that they provide a symmetry-reduction mecha- 
nism. Thus, the sector with no edge excitations is com- 
pletely understood. In the remaining sections we study 
the meaning of edge excitations. 

C. An example 

Before we go on with the general case and its details, 
let us first give a flavor of what is going on by considering 
a family of examples. We take N = \ and M normal in 
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G, so that the new gauge group is G' = M. Note that 
in this case we can forget about the terms because 
L\ = \. Our aim is to study the result of applying quasi- 
particle creation operators (jl6p on a ground state of the 
Hamiltonian (1351): 



(43) 



We first consider purely magnetic quasiparticle cre- 
ation operators, fixing R as the identity representation. 
For simplicity we set a"^ = c e C. Then from (|B69)) 
it follows that [A^^, F^"^ {a.)] = for every vertex v and 
from (|B50l) it follows that [T^' , F^'^(a)] = for any edge 
e not in a dual triangle of p. Then due to (|36p the state 
can have, at most, face excitations on the ends of p 
and edge excitations on dual triangles of p. In particular, 
from ((B69l IB52|36|) it follows that if / is an end face of 
p and e is any dual edge of p we have 



B)\ 



(44) 



with u,u' = 0,1. As long as C 7^ 1, we have u ~ Q 
and thus \ip) contains a pair of face excitations. On the 
other hand, u' = 1 iff C C M, which means that 
contains a chain of edge excitations along p if we try 
to create magnetic charges which do not belong to the 
new gauge group G". Therefore, we find out that some 
face excitations are confined, in particular those created 
with C <f. M. By this, we mean that the energy of |'(/') 
increases linearly with the length of p in terms of dual 
triangles. 

Next, we consider purely electric quasiparticle creation 
operators, that is, we set C = \. Reasoning in the same 
way as in the previous case, one finds out that the state 
!■(/;) can have, at most, vertex excitations on the ends of 
p, but no face or edge excitations. In particular, if v is 
an end vertex of p we have 



<IV'>="I^), 



(45) 



with M = 1 if the restriction of i? to M is an identity 
representation and u = otherwise. That is, in some 
cases 1-0) is a ground state although R is not trivial. Since 
there is no local degeneracy in the ground state we know 
that IV'} — cli'a^) f^-"" some c £ C. Moreover, c can be 
nonzero, because, as we will see below, for a"'^ = Sti,v 
and R trivial in M 

{F^\a))^gM=l. (46) 

Moreover, if cr is any boundary ribbon we have for R 
trivial in M 



rift. \M\ 



(47) 



Thus, those electric charges with trivial restriction of R 
to M are condensed: they are part of the ground state. 



D. Condensation 

Let (7 be a boundary ribbon, that is, a ribbon that 
encloses some region r. Motivated by the previous exam- 
ple, we want to study the expectation value in the ground 
state of Hq^'^ of the operators . Recall that these 
operators project onto the space with total topological 
charge (i?, C) in systems with Hamiltonian Hg ■ Then if 
for a particular charge type we have 



RC 



(48) 



we say that the charges (i?, C) of the original Hamilto- 
nian Hg get condensed in the system with Hamiltonian 
Hq^^: if one measures the charge of the region r in the 
ground state of Hq^' there exists some probability of 
finding the charge (i?, C) . 
As we show in appendix iFl 

(i^r ) - ^^1^ (xfl, Xe„T)Nc |C n 7V|, (49) 

where the product {■,-)m is defined in (|Aip and cm] is 
the induced representation in G of the identity represen- 
tation of M, see appendix I A 21 Another way to write the 
product is 



Nr 



^El*^cl(Xfl,l)A/£, (50) 



Nell A/ 



gee 



where := Nc n gMg. Note in particular that for M 
normal the sum has a single term, simplifying the form 
of (|49| . The result ((49|) not only shows that some of 
the charges are condensed, but also that the expectation 
value is independent of the shape or size of the ribbon, 
a feature that underlines the topological nature of the 
condensation. Such behavior for a perimeter expectation 
is called a zero law[6l|. 

Let us consider several examples. First, under Kitaev's 

1 G 

original Hamiltonian Hq we have 



RC\ 



(51) 



where cg is the identity representation of G. Thus none 
of the nontrivial charges is condensed, as expected. In 
the case N M = G we have 



^RC\ 



Ma 



(52) 



which means that the purely magnetic charges are con- 
densed. On the contrary, in the case N ^ M = 1 we 
have 



(K. 



RC\ 



(53) 



which means that the purely electric charges are con- 
densed. Another illustrative case is that of an Abelian 
group G. In that case we can label the projectors as K^^^ 



11 



with g G G and x is an element of the character group of 
G. Then 



IMI 



|G||iV| 



(54) 



where xm is the restriction of % to M. 

It is possible to show which charges condense using 
another kind of expectation values, namely those for op- 
erators (|16[) . which create a particle-antiparticle pair in 
the original model ([1]). From the discussion in appendix 
El it follows that if |C n iV| = or {xr, 1)m« = for all 
g, we have 



(F«^(a)) = 0. 



(55) 



In the case of M normal, for a charge {R, C) that is not 
condensed according to (|^^ the operator Fp '~^{a) always 
has expectation value zero. Even if M is not normal, if 
we trace out the local degrees of freedom and set -F^*^ := 
Ff'^(a) with a"^ 



\c\ 



ixR,XeM'\)TS!c |cniv|. 



(56) 



Therefore, for that particular choice we get an expecta- 
tion value which vanishes if an only if (|49p does, showing 
that both approaches agree. Again topology makes its 
appearance in the fact that the length or shape of the 
ribbon p are not relevant. For Abelian groups (|56p reads 



gN,NSxM.eM- 



Confinement 



(57) 



The example studied in pll Cp suggests that the edge 
terms and Tj^^ could be interpreted as string tension 
terms, which in turn would confine some of the charges 
of the original model He. However, one has to be a bit 
cautious with such a viewpoint in general. Certainly, in 
those cases in which N is central in M and M is normal 
(from now on, case I) such a viewpoint makes sense. Only 
in those cases do certain properties hold, see appendix 
IB 61 In case I we can write the relations, see ()B52p . 



pNM pRC;uv pN hi 
e,e' n e.e' 



_ ^NM pRC;uv pNM 



(58) 



where equals one (zero) if C C A/ and the re- 

striction of i? to C Nc is trivial (in other case), 
pjVM ^ L^T^/ and e = e^,e' = e^' with r, r' direct 
and dual triangles in an open ribbon p, respectively. The 
relation (|58p show that edge operators project out cer- 
tain states among those which were created by applying 
a string operator to a ground state. Note that the pro- 
jection only takes into account the quasiparticle labels R, 
G of the string operators. Moreover, it is not important 
which the particular edges are. Outside of case I such 
nice properties, reasonable for string tension terms, do 
not hold. As a consequence of ([55]) . we now that a state 



of the form (|43l) will have a chain of edge excitations 
along p unless G C M and R is trivial in A^: all other 
charges get confined when moving from Hq to Hq^^ , 
which means that they exist at the end of chains of edge 
excitations. We shall refer to these chains of excitations 
as domain walls. They can be labeled just as we labeled 
topological charges in Hq, something that we will do in 
the next section. 

Unfortunately, as soon as any of the mentioned condi- 
tions for case I fails many nice properties of the models 
are lost. Indeed, only for those systems that fall in that 
class will we be able to classify domain walls and con- 
fined charges in terms of open an closed ribbon operator 
algebras, in the fashion of what we already did for topo- 
logical charges in Hq. On the other hand, in certain 
more general cases it is still possible to classify domain 
wall types. In particular, we will show that this can be 
done in all models with A^ abelian (from now on, the case 
II). Interestingly enough, the domain wall fluxes in case 
II are qualitatively richer than in case I. Such fluxes have 
in general a non-abelian character for case II systems, 
whereas for case I they have always an abelian nature. 



F. Case I systems 

This section is devoted to those models H^'^^ with A 
central in M and M normal in G. We will show that 
edge excitations appear in the form of domain walls that 
terminate in certain site excitations which are therefore 
confined. With this goal in mind, we start introducing 
the excitations which will turn out to be confined. Con- 
sider the projectors 



A. 



N 



— V 4" 

|A| ^. 



Bf . 



nGJV 



They commute among each other and with the terms of 
Hamiltonian p5|) . so that we could choose the energy 
eigenstates to be eigenstates of the projectors ([55]) . We 
say that the state \iJj) has a confined excitation at a site 
s 

excitations follows from 



{v, f) whenever Bj^\^) = 0. That these are really 



AW|^) = o 



Afsf|V')=0, (60) 



where we have used A^^ = A^' and BfBf = Bf . 
That they are really confined will be revealed later, but 
we can already give a clue: a state with a confined exci- 
tation at the site s must have an edge excitation at least 
at one of the edges e meeting at v or in the border of /. 
Thus, confined excitations cannot appear isolated: there 
must be edge excitations around them. Conversely, it is 
also true that a chain of edge excitations cannot termi- 
nate without a confined excitation in its end. However, 
this is not enough to demonstrate confinement, but we 
can do it better by introducing suitable ribbon operator 
algebras. 
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1. Open ribbon operators. 

Domain walls have a type, and this type behaves as 
a flux in the absence of confined excitations. We thus 
need a family of projectors that distinguish between the 
domain wall fluxes that cross a particular line, analogous 
to the projectors K^'~^ that distinguished the topological 
charge in a the area enclosed by a. So we consider as 
our starting point the ribbon operator algebra Tp for 
an open ribbon p. Since the flux should be the same 
if we move the ends of our flux-measuring ribbon in an 
area with no edge excitations, we need a ribbon algebra 
which to some extent forgets the ends of the ribbon. In 
particular, we should choose ribbon operators that do not 
create or destroy excitations. Thus, we define J7p C Tp as 
the subalgebra containing those operators F € J^p which 
commute with all vertex operators Afj^ and face operators 
. Such operators also commute with all edge terms 
Lf and T^' , see coloUary [121 

As we show in proposition lll[ J7p is linearly generated 
by certain orthogonal projectors J^' that form a resolu- 
tion of the identity. The labels (x, t) of these projectors 
are Xi an element of the character group of N, and t, an 
element of the quotient group G/M. If \ip) has no edge 
excitations along p then 

Jf\i^) = 1^), (61) 

where e and 1 are both identity elements, see (jF4| IB85]l . 

The algebra J7p can stand deformations in which the 
ends of p are not fixed. More exactly, if the state !■!/;) is 
such that the open ribbon p can be deformed, without 
fixing its ends, to obtain another ribbon p' in such a way 
that no confined excitations arc crossed and the ends do 
not touch edge excitations, then 

Jf\i^) = jf\i^), (62) 

see appendix IC 21 This is illustrated in Fig. [TOl As in 
the case of closed ribbons in Hq^ here we can consider 
inversions in the orientation of the ribbon, as shown in 
Fig. [TOl When p' is a transformation of p which includes 
an inversion we have 

Jr\i^)^jfH), (63) 

where for any n £ N we set x*("-) •= x(^"-^j see appendix 
[C2] 

When a ribbon p2 crosses two domain walls which are 
respectively crossed by two other ribbons pa , p4 with the 
same orientation as p, as in Fig. 1121 we have 

e keG/M 

where ^ runs over the group of characters, see appendix 

Eol 




FIG. 10: Examples of open ribbon transformations for Jp. 
Edge excitations are present only in the shaded area. No 
confined quasiparticle excitations are present. The ribbon pi 
is a deformation of pa, and p2 has an inverse orientation with 
respect to them. 



2. Closed ribbon operators. 

Before we can further analyze the consequences of the 
properties of J7p, as we shall do in the next section, we 
have to introduce a family of projectors that distinguish 
the charges in our models. The situation is different to 
the one we found in the models Hq, because now some 
charges are confined, and thus the rules for deforming 
closed ribbons will change qualitatively to reflect this 
fact. Our starting point is the ribbon operator algebra 
J- a- for a closed ribbon cr, from which we want to select 
certain suitable operators, just as we did for other projec- 
tor algebras. In the case of open ribbons just considered, 
we made this selection requiring that the operators com- 
muted with all vertex and face terms. Here that will not 
be enough, because since a is closed we would be consid- 
ering operators that create a closed domain wall, with no 
ends and no confined excitations. Therefore, we define 
IC'^ C Ta as the subalgebra containing those operators 
K G J-^a- which commute with all vertex operators A^^ , 
face operators Bj' and edge operators ,T^^ . 

As we show in proposition [141 ^'a- is linearly generated 
by certain orthogonal projectors K^'^ that form a resolu- 
tion of the identity. The labels {R, C) of these projectors 
arc C, a set of the form { mgrfi | m S Af } for some g 
in G, and i?, an irreducible representation of the group 
Np := { m G M I mrcfhfc € N} for some fixed rc S G. 
If (T is a boundary ribbon surrounding an area with no 
vertex or face excitations in the state \'ip)^ then 

Kf\^)^\i^), (65) 

where e and 1 arc both identity elements, see (|F6I IB861 
IB751) . 

The algebra K,'^ can stand deformations in which the 
end da is not fixed, as long as it crosses no domain walls. 
If the state is such that the open ribbon a can be 
deformed to obtain another ribbon a' in such a way that 
no vertex or face excitations are crossed and the end of 
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FIG. 11: Examples of closed ribbon transformations for /Cp. 
The light shaded area represents edge or domain wall excita- 
tions, and the dark shaded area confined quasiparticle exci- 
tations. The ribbon tJi is a deformation of a2 which includes 
an inversion. 



(7 touches no edge excitations, then 



(66) 



see appendix IC 21 This is illustrated in Fig. [TTJ As in 
the case of closed ribbons in Hq, here we can consider 
inversions in the orientation of the ribbon, as shown in 
Fig. [TT] When a' is a transformation of a which includes 
an inversion wc have 

K^^\^P)=K^r^\i:}, (67) 

where R'-^ is an irreducible representation of defined 
by R'^'i') '■= R{m ■ ffi) if fc = mrQifi for some m S Af, 
see appendix IC 21 



3. Domain walls and charges. 

The deformation properties of the projectors in Jjp that 
we have introduced indicate that edge excitations appear 
in the form of domain walls to which a flux can be at- 
tached. Branching points are possible in these walls. 
Each value of the flux corresponds to a projector J^*, 
and we know that it is preserved along a domain wall 
due to the deformation property (j62p . The trivial flux is 
given by (|6T|) and the inverse flux by ((63l) . Since defor- 
mations of J^* only require that no confined excitations 
are crossed, a domain wall can only end in the presence of 
confined excitations. Domain wall fluxes have an abelian 
nature: as indicated by (jM]) . the addition of two given 
fluxes always produces the same combined flux. All these 
ideas are reflected in Fig. [T2l 

Regarding charge labeling, the properties of the pro- 
jectors in IC'^ very much resemble those already found in 
the study of JC^ in systems with Hamiltonian Hq. The 
trivial charge is given by ([65|l and the inverse charge by 
(|57)) . Indeed, the new element that appears is that now 
the deformation properties ((66|) take into account that 
the charge could be attached to a domain wall. 

But if we want to neatly describe confinement, wc have 
to establish the relationship between domain walls and 



charges. To this end, consider Fig. [121 We can deform 
each ribbon pi, without changing the flux it measures, 
till Pi is equal to (Tj, the boundary ribbon enclosing the 
charge at the end of the domain wall. At that point we 
can compare both projector algebras, with the following 
result: there exists a function / onto the group character 
of N such that 



CctM R 



K. 



RC 



(68) 



where the sum on R runs over irreducible representa- 
tions in NJ-,, sec (|B90p . Equation ([55)1 tells us at the end 
of which domain walls can each charge exist. In other 
words, the projectors in jTo- classify charge types from /C^ 
in different compartments or sectors: each of these sec- 
tors gives a confined charge type. The different charge 
labels within a sector give us the topological part of the 
charge. In particular, for the trivial confined charge we 
recover the topological charge types for a system with 
Hamiltonian i?M/JVj in accordance with the study of the 
ground state of section [III Bl Finally, all charges which 
do not belong to the trivial confined charge sector are 
indeed confined, because if we take any circle surround- 
ing them we must always have a domain wall crossing it. 
When excitations are localized in a single site, it turns 
out that confined excitations are exactly described, as 
expected, by the projectors ([5^ . 

As we already did in the particular case of Hq models, 
the ground state can be described in terms of ribbon op- 
erators of arbitrary size. In this case, we have to impose 
that no region should contain a nontrivial charge and no 
line should be crossed by a nontrivial domain wall flux. 
That is, a state ^ is a ground state if and only if 



(69) 



for all boundary ribbons a and proper ribbons p. This 
conditions generalize to arbitrary N and M , see appendix 

IB 



G. Case II systems 

This section is devoted to those models Hq''^^ with 
abelian. As we have already commented, in this case 
we will only be able to describe, using ribbon projector 
algebras, domain wall fluxes, but not charge types, except 
those in the sector with no edge excitations which are 
already classifled through the mapping to H]\j/n. Thus 
we proceed to describe the algebra J7p, which is dcflned 
exactly as in case I. As discussed in appendix IB 101 in 
this case the projectors are Jp '^ with T an element of the 
double coset M\G/M and R an induced representation 
in Nt of an irreducible representation in N, with the 
group { m S M I rriTTM = ttM } for some fixed tt G T. 
We recall that each element of the double coset takes 
the form T = { mrTm! \m,m' G M }. From the double 
coset structure, we can obtain a subalgcbra of the group 
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FIG. 12: An illustration of the relationship between domain 
wall fluxes and quasiparticle charges. The light shaded area 
represents edge or domain wall excitations, and the dark 
shaded area quasiparticle excitations. Each of the open rib- 
bons pi can be deformed to the boundary ribbon Oi, so that 
the domain wall flux measured by pi corresponds to the con- 
fined charge measured by cTi. Since p\ and p2 are equivalent 
up to an inversion, the confined charges measured by ai and 
(72 are inverses. The total flux in p2 is the combination of 
that in ps and p4, and thus the conflned charge measured by 
(T2 is the combination of that measured by az and (74. 

algebra C(G). Indeed, for T, T' e M\G/M we have 

TT' = C^'t,T", (70) 

T"eM\G/M 

where C^^rp, are positive integers. The rules for deforma- 
tions of J^"^, discussed in appendix IC 21 state that the 
ribbon p can move across regions in which = 
and lip) = are satisfied, and the ends can be dis- 
placed as long as they do not touch edge excitations, 
with the result that the flux measured by Jj^'^ does not 
change. The inverse flux of {R,T) is {R^,T), where M 
contains the inverses of the elements of M and is de- 
fined by R'^{-) :~ R{rTm ■ rhfT) if m G M is such that 
M = rxmrrpM. Finally, there is no analog of ([64|) . in the 
sense that the knowledge of two fluxes is not enough to 
determine the total combined flux. This can be seen for 
example in (|70|) . When M is normal (case I), the sum is 
reduced to a single term, so that combining a flux (e,T) 
with a flux (e, T') will give certain determinate total flux 
(e,T"). This is no longer true when M is not normal 
(case II) , giving a non-abelian nature to the domain wall 
fluxes, which disappears in case I. 

IV. CONCLUSIONS 

In this paper we have introduced a family of quantum 
lattice Hamiltonians with a discrete non-Abclian gauge 
symmetry such that the standard Kitaev model for topo- 
logical quantum computation is a particular case of this 
class. The ground state of the models can be exactly 
given and, in many cases, quasiparticles or at least do- 
main wall excitations can be classified. They can be char- 
acterized by operator algebras corresponding to closed 



and open ribbon operators. This is done in full generality 
for arbitrary topologies. The models can be understood 
in terms of topological charge condensation and confine- 
ment with respect to the standard Kitaev models. 

We have given a detailed account of the quasiparticle 
excitations in the standard non-Abelian Kitaev model. 
In particular, we have seen that for orientable closed sur- 
faces other than the sphere, like the torus, excitations 
may show up in the form of single quasiparticles. 

One of the features exhibited by the family of non- 
Abelian models considered in this paper is the existence 
of a string tension for the motion of quasiparticle ex- 
citations. It would be interesting to study the role of 
such tensions when the action of external source of de- 
cohcrence such as local external fields or thermal effects 
are studied [s^l, [s!]. Another aspect that deserves fur- 
ther study is the properties of these models for topo- 
logical quantum computation, since here we have only 
focused on their properties as far as topological order is 
concerned. 
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APPENDIX A: GROUP ALGEBRAS 

We present some basic properties of the algebras of 
finite groups. We will find them useful for establishing 
several results on ribbon operator algebras in the next 
section. In particular, we need them to label the charges 
and domain walls of our models. 



1. Representations and classes 

Given a finite group G, let (G)cj be the set of conjugacy 
classes of G and (G)ir be the set of irreducible representa- 
tions of G, up to isomorphisms f63| . For R e (G)i,., g & G, 
we denote by Rg the image of g under R and by Tii[g) the 
unitary matrix of Rg in a particular basis. The character 
of a representation R is xnig) ■= Si ^nid)- Characters 
are examples of class functions 6, ib : (G)cj — > C, for 
which we introduce the product [63| 

(</'»g:=^ E \C\(l^iC)HG), (Al) 

where the bar denotes complex conjugation. 

The following are the well-known orthogonality rela- 
tions for irreducible representations, characters and con- 
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jugacy classes [63 



E r)?(5)ry'(g) = ^<s«,«'5m'^.,.', (A2) 



J2 \C\XRiC)xwiC)^\G\SH^H,, 
ce(G)oj 

E X«(C^)x«(C') = P<5c.c', 



(A3) 
(A4) 



where R, R' e (G)ir, C, C G (0)0] and = is the 

degree of R. (IA3IA4I1 hnply that |(G)cj| = |(G)i,.|. The 
identities (|A3p . which are just a particular case of (jA2|) . 
can be written more concisely as {xRtXR')g ~ ^r.R'- 



2. Induced representations 

Given a finite group G and a normal subgroup H C G, 
let (iJ, G)cj be the set of conjugacy classes of G con- 
tained in H and {H, G)ir be the set of induced represen- 
tations in G of irreducible representations in H, up to 
isomorphisms [63j . Recall that for each representation R 
of H there exists a representation i?ind, called the in- 
duced representation of R in G, such that for 5 G G 



Xi?i„d (5) 



'ErGG/HXRirgr), g&H, 
0, g ^ H. 



(A5) 



The Frobenius reciprocity formula asserts that for : 
(G)cj — > C and i? G {H)i, 

{(t)\H,XR)H ^ {(f),XR.i,,d)G, (A6) 

where is the restriction of </> to i?. 

Let us introduce an equivalence relation in (i?)cj- For 
D,D' G (i/)cj, we set D D' if D' = gDg for some 
g G G/H. Each G G (iJ, G)cj is related to a unique 
equivalence class G in the following way 



G^ljD. 



(A7) 



Dec 



Given S G (-ff)ir and r G G/H, define a representation 
5*" G (-ff)ir setting SJ^ Srhf. We introduce an equiva- 
lence relation in (-ff)ir- For S, S' G (-ff)ir, we set S* ~ S" if 
S = S3 for some g G G/H. Each R G (i?, G)ir is related 
to a unique equivalence class R in the following way 

[O, g^H, 



(A8) 



and S* G i? iff S'i„d = i?. 

As a generalization of (jA3IA4[) we have the following 
orthogonality relations 



E \C\xr{C)xr'{C) 



\G{- 



\H\\R 
|Gp 



i^Sr,r,, (A9) 



E I^IXfl.(C^)Xfl,(G') = rF7fb^'^c.c', (AlO) 



where R,R' G (ff,G)ir and G,G' G {H,G)cy (1A9IA10I) 
imply that |(i7,G)cj| = |(i?,G)h.|. Note that can 
be rewritten in terms of the product (•, ■)g and derived 
from (IA6D as follows: 



|G| 



(All) 



where Sq G i?. As for ((XTO)) . it follows from ((MlIM 



E I^IXfl(^^)Xfl(C') 
IGP 



E 



|G| 



E Xs{Do)xs'{D'„) 



= E E ^E^^W^s(5^o.9) 



geG/H Re{H.G)ir ' ' SSi? 

IG 



]St\ ^ '^A^.c^^-^^^ac, (A12) 



where Da eC, D'^e C' 



3. The group algebra C[G] 

Given a finite group G, the group algebra C[G] consists 
of formal sums X^geG "-sff' Cg G C. We are interested in 
certain representation TZ : G x G — > GL(C[G]). Let us 
denote by TZg^^g^ the image of (gi, 52) £ G x G. Then 7?. 
is defined by: 



7^o 



lig) 91992 , 9 ^G, 



(A13) 



where g denotes the inverse of g. It turns out that the 
following isomorphism holds, as we shall check below. 



C[G] 



fle(G)ir 



(A14) 



where Vr is the representation space of R. 

With the aim of checking (|A14[) explicitly, let us con- 
sider the following elements of C[G]: 



^E^ii(5) 9 

' ' geG 



(A15) 



where i? is a representation of G and i,j = 1, . . . , n_R. 
For irreducible R, there are |G| such elements, because 



E 

basis for C[G]: 



fle(G)i, "i? 



|G| due to (|A14p . In fact, they give a new 



"ft 



5= 2^ Z.r^(5)e^, 



which can be checked using (jA4ll . In this basis 

^.1,.. 4 = E r^^(5i)f^(52) 4S 
fej=i 



(AI6) 



(A17) 
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which gives cxpUcitly the isomorphism (jA14p . as desired. 
Let us define 



a 



Then, we have 



Sr.r'^ 



"R — '^R- 



(A18) 



(A19) 



which foUow from 



4. The algebra Zq 

The center of a group algebra C[G], denoted Zq, is 
the subalgebra of elements that commute with all the 
elements of C[G]. A basis for the center of C[G] is the 
following: 



see 



Ce(G)ej. (A20) 



We have 



ecec'=- J2 ^c'c'i'c", ec = ec, (A21) 

C"G(G)cj 

where C denotes the inverse class of C and > 

are integers. 

With the aim of finding an alternative basis for Zq, 
we define 



i 

which are a nice set of projectors: 

e-R = e_R, 
H efl = l, 

flG(G)ir 



(A22) 



(A23) 



as follows from (|A4p . They provide us with a new basis 
for Zq since 

eiJ = ^ E XR{C)ec, (A24) 
ec= E — Xfl(G)efl, (A25) 

R€{G)ir 



as can be checked using (|A4 



the algebra 2^^f.G is 



gee 



GG(i/,G)cj. 



(A26) 



Its elements can be rewritten in terms of elements of Zh 
as follows 



E 

Dec 



H_ \H\\C\ 
|G| 



E 5ei!ff, 



(A27) 



geG/H 



where we arc using the notation of (|A7p . 

We have the aim of finding a basis of projectors for 
Zh,g, analogous to (|A23p . Let 



\H\\R\ 
\G\ ' 



:g = E^s, Re{H,G}„, (A28) 



seR 



so that, 



e'Re'R' = SR,R,e'R, 



/ t _ / 
6fl — e_Rj 



E ^^ = 1' 

KG(-H',G)i, 



(A29) 



showing also that the cr are linearly independent. In- 
deed, {e'j^l R € {H, G)ir } is the desired projector basis 
for Zh,g- because we have 



E (A30) 



|GP 



\G\ 



e$= E —XR{C)e'R, 
no 

Re{H.G)ir 



(A31) 



where R G {H,G)„ and G G {H,G)cy In order to check 
dMU, insert jXsU)) and apply ([XTO)) . Finally, not that if 
belongs to the center of G we have = e|j. 



APPENDIX B: RIBBON OPERATORS 

In this appendix we discuss ribbon operator algebras. 
We will first introduce the geometric aspects of ribbons, 
then we will attach operators to ribbons, and we will fin- 
ish describing and characterizing certain projector ribbon 
subalgebras. These projectors are directly related to the 
topological charges and domain wall fluxes in the models 
under study. 



5. The algebra Zh.g 

Let _ff be a normal subgroup of G. There is a natural 
inclusion C[H] C C[G]. We are interested in the inter- 
section of their centers Zh.g ■= H Zg- A basis for 



1. Sites, triangles and strips 

Our starting point is a lattice embedded in an ori- 
entable two-dimensional manifold. Let V, E and F be 
the sets of its vertices, edges and faces respectively. The 
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edges of the direct and dual lattices must be oriented ac- 
cordingly, as explained in the main text in sect HI] and 
FigHJ A direct edge e points from the vertex doe to the 
vertex die, and a dual edge e* points from the dual ver- 
tex doe* to the dual vertex die* . The shape of the lattice 
is arbitrary, but with certain conditions. Namely (i) if e 
is an edge, then doe ^ die and (ii) a face with s edges 
must have s different vertices. The same conditions must 
hold for the dual lattice. 

For each edge e G E, we introduce an inverse edge 
e which is an edge with the direction reversed, i.e., with 
doe = die and die = doe. Wc let e = e and denote 
by ii'ext := E U E the disjoint union of the original and 
inverse edges. For dual edges, we set (e*) = (e)* so that 
E*^^ = E*UE*. 

A (direct) path p is a list (wq, ei, wi, . . . , e„, u„) such 
that Vi e V, ei e i?cxt, doe, v,^i and die, = Vi. A 
dual pathp* is a list (/q , ej, /j*, ...,/*) such that e F, 
Bi e Ecxt, doe* = and die* = /*. 

Sites. A site is a pair s — (u, /) with / a face and 
V one of its vertex. We visualize sites as dashed lines 
connecting the vertex v and the dual vertex /* , as shown 
in Fig[T31 and use the notation s =: {vg, fs)- 

Triangles. A direct triangle r = (so,si,e) consists of 
two sites Si and a direct edge e 6 -Eext such that (i) 
fso " fsi (ii) die = Vs- and (iii) so, si and e form a 
triangle with sides listed in counterclockwise order. We 
use the notation r =: {dor, diT, Cr), and say that r points 
from doT to diT through e^. 

A dual triangle r = (so,Si,e*) consists of two sites 
Si and a dual edge e* G £^*xt such that (i) Vs^ = Wsi 
(ii) die* = f*. and (iii) sq, si and e* form a triangle 
with sides listed in clockwise order. We use the notation 
T =: {doT, diT, e*), and say that r points from Sqt to diT 
through e*. 

Each direct (dual) triangle r has a complementary tri- 
angle f, the unique direct (dual) triangle with Cf = Gt-. 

Two triangles overlap if they 'share part of their area'. 
Specifically, a dual triangle r and a direct triangle r' 
overlap if diT — dir' either for i = or i = 1, and two 
triangles of the same type overlap if they are the same 
triangle. Triangles and their properties are illustrated in 

Figni 

Strips. A (triangle) strip of length n > is 
an alternating sequence of sites and triangles p ~ 
(so,n,si,r2,...,s„_i,r„,s„) with don = s,^i and 
diTi = Si. We define dop := sq and dip := s„. Strips 
can be given just as a list of sites p = (sp, si, . . . , s„) 
or, if they have non-zero length, as a list of triangles 
p = (Ti,...,r„). They could also be given as a pair 
p = (s, x), with s = So the initial site and x G 2" a binary 
vector, because for any given site there exists exactly a 
dual and a direct triangle pointing from it. Examples of 
strips are given in FigfT^ 

Let /O be a strip with Si = dip. We say that p is (i) 
trivial if it has length zero, (ii) direct (dual) if it consists 
only of direct (dual) triangles, (iii) proper if it is neither 
direct nor dual, (iv) open if 7^ I'si and /s^ 7^ js^ and 
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FIG. 13: Several examples of sites, triangles and strips. Sites 
are displayed as black dotted lines when they are an end of 
some ribbon. Triangles and strips are displayed as grey bands. 
The direct path of each strip is a thick black line, and the dual 
path a dashed line. The Si axe sites, the Ti are triangles and 
the Pi strips (indeed ribbons), ri = (si,S2,ei) is a direct 
triangle and T2 — (33,34,62) is a dual triangle, rs is the 
complementary triangle of rs. T4 and rs overlap, p = p\p2 
is a strip but not a ribbon, a — papi and a' = p4P3 are 
closed strips (indeed ribbons), with a' a rotation of a and cr> 
a' = p3. p5 is a dual complementary ribbon or pe, (p5,P6)a, 
and p7 is direct complementary ribbon of ps, (P6,P7)v The 
ribbons ps,p9, pio, Pii illustrate various types of joints, so that 
(p8,Pio)^, (p9,pii)^ and (psp9, piopii)<i-- 



(v) closed if sq = si. When cr is a closed strip we write 
da instead of dia. 

Two strips are composable if dipi — dop2- In that 
case the composed strip is p = pip2 := (so, ■ • ■ , Sm) with 
pi = (so, . . . , s„) and p2 = (s„, . . . , Sm). This composi- 
tion operation is clearly associative. 

The cyclic nature of the list of triangles of a closed 
strip allows to rotate it, see Fig[T3l We say that a' is a 
rotation of ti, denoted (a, (t')o, if (J ^ cr', cr = P1P2 and 

= P2Pi- In that case we set a' := pi. Note that if 
(cr, cr')o then both a and cr' are closed. 

We can attach both a direct and a dual path to a strip 
p, sec FigHni If (ri, . . . , Tg) is the ordered list of direct tri- 
angles in p, we set pp = {vdon , 6^ , vo^n , . . . , e^, , vg^r^). 
Similarly, if {t[, . . . ,t^) is the ordered hst of dual trian- 
gles in p, we set p; = {f*^^, , e*, , ,•••,<;, /g,,;)- 

Consider two strips pi and p2- We say that pi and 
P2 (i) do not overlap, denoted (^1,^2)0, if no triangle of 
Pi overlaps with a triangle of p2, (ii) form a left joint, 
denoted (pi,P2)^, if Pi = PnPi with ti a dual triangle, 
T2 a direct triangle and {p'l, ^2)0^ T***/' form a right joint. 
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denoted {pi,p2)y, if Pi = p'iTiP with ti a dual triangle, 
T2 a direct triangle and (pi,P2)0' ('''^) form a left-right 
joint, denoted {pi,p2)-<y, if Pt = pnp'{r[p' with Ti,r{ 
dual triangles, T2,T2 direct triangles and (/Oi,P2)0i ^'^'i 
fiij form a crossed joint, denoted (pi,p2)+, if Pi = PiP" 
with (pi,p^)^, {p'^,p'l)y, (pi,P2)0 and (pi,P2)0. Closed 
crossed joints are only possible in surfaces of nontrivial 
topology, see Fig. 1151 Indeed, their name was chosen with 
those cases in which pi, p2 arc closed in mind. The other 
joint types are illustrated in FigfT^ 

We denote by Vp {Fp) the set of vertices (faces) in 
a strip p, by {E"^) the set of edges e G i?oxt with 
e = Ct for some dual (direct) triangle r in p, and by E^ 
{EJ) the set of their inverses. If p and p' are non-direct 
(non-dual) closed strips with E^ = E^ {EJ ^Ej,),we 
say that p' is a dual (direct) complementary ribbon of p, 
denoted (p,p')a ((p, p')v)' see Fig[T31 



2. Ribbons 

Ribbons are strips such that its direct and dual path 
do not self-cross. 



Definition 1 Let p 

{vq, . . .,eq,Vq) and p* 
p is a ribbon if 



be a triangle strip, Pp = 
= (/o I ■ • ■ > KJr) ■ We say that 



• for any triangle t in p, f is not in p, 

• for < i ^ j < q with i ^ or j ^ q, Vi ^ Vj and 

• for < i =/= j < r with i ^ or j ^ r, fi^ fj . 

A rotation of a ribbon is a ribbon. Two ribbons pi 
and p2 are composable if they are composable as strips 
and p = P1P2 is a ribbon. If p is a ribbon and p = P1P2 
as strips, then pi and p2 are ribbons also, and (pi,p2)0. 
Complementary ribbons do not overlap. 

Consider any two sites s and s'. If Vs = Vg', we denote 
by as,s' the unique nontrivial dual ribbon p with dop = s 
and dip = s'. If fs = fs', we denote by /3s, s' the unique 
nontrivial direct ribbon p with dop = s and dip = s' . All 
nontrivial dual (direct) ribbons take the form a^.s' iPs.s') 
for some s, s'. We also write as := a^.s and Ps ■= Ps.s- 
Then if (a^, as>)o we have as>as' = a^.s', and if (/3s, /3s' )o 
we have /3s > /3s' = (3s,s' ■ 



3. Triangle operators 

From this point on we are working with a fixed finite 
group G. To each edge e G _E we attach a Hilbert space 
TL'q with orthonormal basis {\g)}geG- The total Hilbert 
space of our system is then Tig := Ti^®'^'. If O is a 
single-qudit operator, Oe with e £ -Eoxt denotes that op- 
erator acting on the qudit attached to the edge e (e) if 
e&E {e€E). 



Before we can define operators for arbitrary ribbons 
we must consider their elementary components, triangles. 
To this end, let 



L>^ ■.= Y^\hg){gl / J] 

sec gSG 



If T is a dual triangle, we set 



(Bl) 



(B2) 



with x = (a; = 1) if G E' (gt- G i?). If r' is a direct 
triangle, we set 



J.3 ._ jx/jig 



(B3) 



with a; = (x = 1) if G -B (e^ G E)). With these 
definitions we have 

T h T h' T hh' rpg rpg _ r rpg 



gee 



(B4) 



As for the commutation rules, wc have 

L'^T^, = } T^H'^ if diT = diT'; (B5) 
[r^,i^, otherwise. 

If Ti ^ T2 are dual triangles and t[ , are direct triangles 
then 

[L^^^,L':'J = [T^,,T^'^=0. (B6) 

Thus, non-overlapping triangles have commuting triangle 
operators. 



4. Ribbon operators 

For each ribbon p wc introduce a set of operators 
{Fp'^} with h,g G G. We call them ribbon operators. 
First, if e is a trivial ribbon wc define 

Fe-' ■■= Si.g (B7) 
If T is a dual triangle and r' a direct triangle we set [11] 

F^^a .^Si^gL"^, fI\-':^T^,. 



(B8) 



If p is an arbitrary ribbon of length ^ > 1, we let p = pip2 
and recursively define a gluing or composition procedure 
by means of the folowing relations 



Tph,g \ ^ Tph^k rpkhk.kg 

P Pi P2 

keG 



(B9) 
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We must of course ensure that this definition of F^'^ is 
independent of the particular choice of pi and p2. But 
this amounts to check that if p = P1P2P3 then 



ET^h^k T^khk.kg \ ^ ph,k rp, 
Pi P2P3 ^ P1P2 f 



■khk.kg 
P3 



(BIO) 



fceG 



feSG 



which follows by expanding F^l^p^^ and i^p/p^ with (|B9p . 
We also have to check that \i p = tp = pt then 

pKa ^ ^pKkpkhk.kg ^ ^pKkpkhkMg^ ^g^^^ 



keG 



keG 



which indeed holds true. 

We will find useful the notation 



Fpi^^ L';, := ^ F^'^. (B12) 

geG 



(B13) 



conceived so that 

ph,g _ rhrjig _ rpg j h 
p P P P P ' 

Also, for any 5 C G, g G G we set 

^^'^ T^X^^"'''' (B14) 

We now list several properties of ribbon operators. 
They follow from the properties of triangle operators and 
(|B9[1 . For any ribbon p 

ph,9ph\g' ^^^^^,phh',g^ ph.g^^pKg^ (3^5) 

^ E Tp = 1- (BI6) 

sec 

Thus, for each p, ribbon operators linearly generate an 
algebra closed under Hermitian conjugation. If p is dual 
and p' direct then 



ph,g _ rpg^ 



If (pi,p2)^ then 
If {Pi,P2)y then 

If {Pi,P2)-<y then 

F 

I 

If (pi,p2)+ then 

If (o"!, 0-2)0 then 
pk 

If (pi,P2)0 then 



rph,g rpk.l rphkhjil ph,g 



rph.g T^kJ j^k.lghg j^h^g 

Pi P2 ~ P2 Pi ' 



rph.g rpk.l rphkh^hlghg Tph,g 

Pi P2 ~ P2 Pi ■ 



rph.,g rpk.l rphkhjil zph^glkl 
Pi P2 ~ P2 Pi 



Tpk,l Tph.,g rpkhghg.l rplhl.lgl 

(Ti\>(T2 (71 CT1CXT2 C"2 



(B17) 
(B18) 
(B19) 
(B20) 
(B21) 
(B22) 
(B23) 



Proposition 2 Let p be a ribbon, h, g G G. 
(i) If p is dual 

Tr(L;j) = 5,,iTr(l). 



(B24) 



(ii) If p is direct 

\G\Tr(T3) = Tr(l). (B25) 

(Hi) If p is proper 

\G\TTiF';-a) = <5,,aTr(l). (B26) 

Proof. If p is not dual, choose any direct triangle r in 
p, so that p = pirp2. Let p' = pir' with r' dual. Then 
(p',p)^ and thus using (jBlSP 



Tr(Fp'''3) = Tr(L^,F;^'«4) = 



Tv{F^"''^''SLl,L';,) = TriF^'^'-^s). (B27) 

If p is not direct, choose any dual triangle r in p, so that 
p = pirp2. Let p' = Pit' with r' direct. Then (p, p')^ 
and thus using (jBlSP 



Tt{F^'') - E MT^p'Fp^'T^p') = 

keG 

J2 Tr(Fp^'9rp^,^r^;) = (5,,,iTr(Fp'''f). (B28) 



fcGG 



Equations (|B27l [628]) together with (fBTHl IbTT]) give the 
desired results. □ 
As a consequence of the previous proposition and (jBlSP 
we have the following orthogonality results. 



Corolary 3 Let p be a ribbon, h,g G G. 
(i) If p is dual 

Tr(Lf L^') = <5,,,,Tr(l). 



(B29) 



(ii) If p is direct 

|G|Tr(rf ys') = j^^^,Tr(l). (B30) 
(Hi) If p is proper 

(B31) 



\G\T,{F'^-^^Fl:'^3') = 5nj,5,^,.T,{l). 



Definition 4 Rotationally invariant ribbon opera- 
tors Given a closed ribbon a, we say that an operator 
F = gGG '^^t,gFa '^ ! c-h,g G C, is rotationally invariant 
if for any a' with (cr, cr')o we have F = ^g, Ch,gFl^i^ . 



In this regard, results ([BTsI [BTgI IB22)) imply that if 
(cti, 0-2)0 then 



jph.g \ ^ T^hghg.l T^lhl.l 



(B32) 
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5. Vertex and face operators 

We now define vertex and face operators in terms of 
ribbon operators. Let as {f3s) be tlie unique dual (direct) 
closed ribbon with dag = s {d(3s = s). For any site 
s = (w, /) let 

Al := Ft^' Bl := F^f . (B33) 

Let s',s" be sites with (as,as')o, {PsiPs")o- From (jB171 
IB321) we get 

= A^, , B^^ = ^„ Bf,^ . (B34) 

Thus, vertex operators are rotationally invariant and we 
can write := A J for v = Vg. These definitions of A'l 
and agree with those given in (|2l4p . 

Let us list several useful properties. If s ^ ,s' then 

AjA^'=Af', A\ = \, ^!!^=4, (B35) 
=<5,,,,Bf, = sf^Sf. (B36) 

AjSf B^^ahAh^ (B37) 

[A^ Bf,] = [Af , Ai,] = [Bt B':',] = 0. (B38) 

All these properties follow from the properties of ribbon 
operators. Note in particular that the well-known [2^ flux 
metamorphosis (jB37p is a consequence of {ug, (3s)^y. 

For subgroups H' C G, H' normal, we define the 
operators 

:= := Lf^ , Bf := sf := Tj^' , (B39) 

where s = {v, /) is a site. We set Ay := and Bf := 
By From (jB37|B38|) we have for arbitrary vertices v,v' 
and faces /, /' 

[A^,A^,] = [Af , ] = [Bf ' , Bf,'] = 0. (B40) 

Of particular interest are the commutation rules be- 
tween ribbon operators and vertex and face operators at 
their ends. We first consider non-closed ribbons. Let 
Sj = dip. If vq ^ vi then (q!s(,,p)^, {as^,p)y and from 
(|BT8l [BT9| wc get 

Ak rph^g rpkhk.kg /\k 

Ak ph,g ^ ph^gkAk 

If /o 7^ /i then (p, AJ^, and from (11131191 

we get 

Tjk Tph.g _ ph,g nkh 
^So^ p ^ p "so ' 



If p is dual but not closed then = asQ^siOtsi,SQ and 
from dm [BT5| lB23l) we get 

and if p is direct but not closed then [3sa = Pso,siPsx,sa 
and from jUl [BTsI [B23)) wc get 

[Bl,Fl^^ = Q. (B44) 

Now we consider closed ribbons. So let cr be a closed 
ribbon with s = da. If cr is a proper closed ribbon then 
(Q!s,cr)^^ and (cr, so that from (|B20p wc get 

Ak T^h.g T^khk,kgk Ak 

Bkph.g ^ ph.ggfakh^ (345) 

If cr is closed but not proper, then either cr = as or 
(T ^ /3s, but for that case we already have (|B37[) . 

Equations (US [14]) can be generalized. Let p be a rib- 
bon with two ends z = 0, 1 and set Si = dip, Vi = Wj. , 
fi = fs^ . If Vq ^ vi from (|B4ip we get 

|G|^T^M„.r^3 = l (B46) 

sec 

and if /o 7^ /i from (|B42|) we get 

^ L|;%.i^ = 1. (B47) 

heG 

As explained in the main text, section fllBl these identi- 
ties show how ribbon operators can be used to obtain ar- 
bitrary states with a number of excited spots from states 
with one excited spot less. 

6. Edge operators 

For subgroups H C H' C G, H normal in G, we define 
the operators 

Lf:=Lf, Tf:^T^', (B48) 

where e = e^, e' = e^/ with r a dual triangle and r' 
a direct one. Then from (|B5IB6[) we have for arbitrary 
edges e, e' 

[Lf , iff] = [if , Tf] = [Tf, ] = 0. (B49) 

In some particular cases, triangle operators and rib- 
bons have nice commuting properties, but this is not al- 
ways the case. If H, H', r, t' are as above, with r and r' 
either in p or with no overlap with it then from (|B91 IB151 
lB23l) we have 

[Lf,F;;-^3]^[T:f\F';'3]^0. (B50) 

Other triangles are more complicated. Let p = piP2, 
(n,Pi)^, (t2,P2)^, {pi,T3)y, {p2,T4)^, h e H and k,l G 
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G w ith ksk = s for any s G H. Then from jUl [BTsI 
IB19j) we have 

sec 

r /i T^k.l \ ^ rpg T^k.ghgljh 

geG 

rph pk.l \ ^ rjig rpk.lrphgkg 

1-3 P ~ Pi P rs 7 

gee 
g&G 

As a resuh, if N C M C G with A^, A/ normal and N 
central in Al we have for any h, g € G, t = ti (or T2) and 
r' = T3 (or with as above 

L^T^','F^'SL^T^',' = 5,,,,,^^''.^.L^T*^ (B52) 
which then gives ([58|) . 



7. The algebra yip 

We want to define the ribbon operator algebra Tp, 
but as an intermediate step we introduce the algebra 
Ap. If e is a trivial ribbon then Ae C- If t is 
a direct (dual) triangle then At '■= Lin{T^| g G G } 
{Ar ■■= Lin {L'^\h e G}). Finally, if p {n) is an arbi- 
trary ribbon Ap := A^- That At is really an algebra 
follows from (jB4p . 

We now proceed to show several results which are es- 
sential in order to characterize ribbon operator algebras 
in the next sections. 

Lemma 5 Let p be a ribbon, O G Ap an operator, H a 
subgroup of G, and s a site 

(i) If p is not a rotation or a complement of as then 

OA^ = =^ = 0. (B53) 

(ii) If p is not a rotation or a complement of (3s then 

OBf = =^ = 0. (B54) 

(Hi) If T is a dual triangle such that neither it nor its 
complement belong to p 



OL" = 



= 0. 



(B55) 



(iv) If T is a direct triangle such that neither it nor its 
complement belong to p 



OTI^ = 



= 0. 



(B56) 



Proof First, note that Af = Af implies OAf = 
OAf ~ 0, and similarly for , so that it suffices to 
consider H ^ G in these cases. Also, Bl — Bl and 



similarly for , so that it suffices to consider H = 1 for 
them. 

(i) There exists a direct triangle r such that it over- 
laps with as but not with p, so that \T!^,0\ = 0, and 
a site s' such that {as',as)o and (t, a^/)^ or (r, ag/)^. 
In the first case A'^ = A'^, and from (|B41[) we have = 
Y.gT?OA(^,T? = \G\-^T.g,hOA^,T^^Ts ^ OAl,T^ = 
O and the other case is similar. 

(ii) There exists a dual triangle r such that it overlaps 
with (3s but not with p, so that [L'^,0] = 0, and a site s' 
such that {(3s',(3s)o and [(3s' ^t)^ or (/3s', r)^. In the first 
case B] = B], from (|B42)) we have O^Y^h L'tOBs'L^ = 
Y^hOB^L^^lJ^ = OB^,Ll = O and the other case is 
similar. 

(iii, iv) The proofs are analogous to (1,11). □ 
Given a vertex v and a dual triangle r we set for any 

OeAo 



Ok :^A^OA^, 



One can check that Ok,Ok G Ap. 
conditions of lemma [5] 



(B57) 

Then if p satisfies the 



[O,Af] = 
[O,Lf]=0 



\H\0 = Ok, (B58) 

keH 

\H\0 = Y 01 (B59) 

keH 



because for fc G we have OkA^ = OkA^A^ = 
A^OA^ = A^A^O = A^O = OA^ giving Ok = O, and 
similarly for . As a consequence, we also get under 
the same conditions and k G H 



[O,Af] = 



[O,4] = 0. 



(B60) 



Given a site s in p and a direct triangle r , one 
can check that unless p is both a non-closed and non- 
direct ribbon with fg.p = fs, for any O G Ap there ex- 
ist Ok,k',0'^f,, G Ap such that O = Y.kk'eGOk,k' = 

E 



k,k'eG ^k,k' 

B'.O, 



'k.k' 



with 

^Ok.k'B^<^^' , 



nok 



k.k' 



Ok,k'TT''''- 

(B61) 

Then if p satisfies the conditions of lemma [5] and H is 
normal in G 



[O,Bf]^0 

[o,rf]-o 



O = 



o 



E 

k,k'eG I kk'eH 



o. 



k,k' 



E 

k,k'eG I kk'eH 



O', 



k.k' 



(B62) 
(B63) 



because 



OBf 

Hnk.k' uH 



OBfBf 



BfOB 



Y.k,k' B^O'^^" B 



Ek.k' O'^' B 



k.k ijkHk J^H 



J2kk'eH O''''' Bjf and similarly for . As a con- 
sequence, we also get under the same conditions and 
G G (G/i?)cj 



[0,Bf 



where B^ = ^ 







[0,B^ 



f - 



0, 



(B64) 



heH^f ■ 
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8. The algebra Tp 

In this section wc characterize the ribbon operator al- 
gebra that has been introduced so far. 

Definition 6 Let p he a ribbon. The ribbon operator al- 
gebra Tp C Ap consists of those operators F G Ap such 
that [F, Ay] ~ [F,Bf] = for any vertex v ^ VQ.p and 
any face f ^ fg^p, i=0,l. 

Proposition 7 Let p be a ribbon. The \G\'^ ribbon oper- 
ators Fp'^, h,g <E G, linearly generate Tp. Moreover, p 
is proper if and only if they form a basis of Tp. 

Proof. For ribbons p of length zero or one, Tp = Ap 
because of (jB23|l and the first part of the statement fol- 
lows since ribbon operators generate Ap. For ribbons 
of length Z > 1, we proceed inductively on L So let 
p be such a ribbon and set p ~: p'r, with t a tri- 
angle. Observe that Ct is not part of p' and that p' 
and r share vertices or faces only at their ends, so that 
Tp C T'p Tp,®Tr = {F^,''''Fl'^'9^ \ h„g, e G), where 
(•) is the subspaee linearly generated by the set •. In view 
of (|B9p . what we want to show is that 

=(Y1 F^;^ f'^^^^'^s \h,geG) (B65) 

feSG 

is indeed equal to Tp. We set s = doT, v = Vg, f = fs 
and distinguish two cases. 

(a) T is direct. In this case, Tp C T'p is the subalgebra 
of operators commuting with Ay. Then from (|B58P and 
dBSl) we get Tp = ( Efcec ^^p'''^r ''''''' I /i', 5 e G). 
Applying F^'S = f!^' here and in (jBeS]) gives Tp = T'^^. 

(b) T is dual. In this case, Tp C T'p with Tp the subal- 
gebra of operators commuting with Bf. Then from (jB62p 
and (lB42|) we get Tp = {F^;^ F^'^a^a' \ g' ^g). Ap- 
plying F'^^-3 = FySgs here and in ((B65|l gives Tp = T'/,. 

This completes the inductive step. The second part of 
the statement follows from (jB17P and corollary [3l □ 

We now construct an alternative basis for Tp. For each 
conjugacy class C G {G)c] we choose an element rc and 
denote by C G the subgroup of elements commuting 
with rc and by Qc a set of representatives of G/Nc. 
Then for each C G (G)cj we set G ~ {ci}iJi, and Qc ~ 

{'Zi}i=i SO that Ci = qircQi. Any g £ G can be written 
in a unique way as g = qiU, with n G Np. We introduce 
index functions as follows: i{g) :~ i and n{g) :— n. For 
each irreducible representation R G (Nc)ir, we choose a 
particular basis and denote by r_R(fc), k £ G, the cor- 
responding unitary matrices of the representation. The 
desired new basis is the following: 

J^/'^^"^ := ^ E ff (n)^^;-''-"?.', (B66) 



where u = (i, j), v = («', j') with i,i' = 1, . . . , |C| and 
j,j' = 1, . . . , riji. The inverse change is 

Fp-'- E E rfK.)^p''''^"^ (B67) 

i?^e(Nc)ir jj'=i 

where h e C £ (G)cj, nh,g = q^^h)9q^(gIlg), u = ii{h),j) 
and V = {i{ghg), j') using the index functions for C. 
That (|B66[) is really a basis follows from 

rpj.(^i?C;uvt^i?'C';u'v'-) ^ 

= ^rilU'^fl,fl"^c,C'^u,u'<5v,v'Tr(l). (B68) 

Instead of (|B411 IB42P we can now write for D^-f := 
A'lBS^ s, = d,p, 

i5 = l 

jjKgpB.C;u., ^^Y'i {n{hq,,)) F^^-^"^^^'^ D^gf^'\ 
s=l 

(B69) 

where u = v = = s), v(s) = 

{i{hqi'), s). 



9. The algebra ICa 

Here we discuss the algebra of operators that gives the 
projectors onto states of different topological charge in 
systems with Hamiltonian He (HJ. 

Definition 8 Let a be a closed ribbon. The closed rib- 
bon operator algebra IC^ C Aa consists of those operators 
K G Aa such that [K, Ay] ~ [K, Bf] ^ for every vertex 
V and face f . 

Note that JC^ C Ta- It is not difficult to cheek that 
ICa^ is linearly generated by the operators A'^, h G G, 
and ICp^ is linearly generated by the operators Bf , with 
G G (G)cj and Bf = J2g£C^s- Note that these are 
exactly the rotationally invariant subalgebras of Ta and 

For any closed ribbon cr we define the operators 

A'f^" := E E Ff'''"'^"'', (B70) 
qeQc deD 

where C G (G)cj and D G (Nc)cj. The point of these 
operators is that they are rotationally invariant: 

(a,a')o ^ IC'' = K^^, (B71) 

as can be checked applying (|B32p . In fact, it can be 
shown that if a is proper they form a basis of the sub- 
algebra of rotationally invariant ribbon operators of T^- 
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From (|BT5l [BT6| we get 



t^DCt^D'C' X 



D" 



CG(G)ci 



(B72) 



where the sum rmis over D" e (Nc)cj, I?!?' = 
Sd" -^d d'^" ^n-'i ^ denotes the inverse class of D. The 
resuh (jB26p imphes for any proper a 

|G|Tr(iff ^) = |C|<5z,,iTr(l), (B73) 

which together with (|B72p and N]jjy, = '^_d__d'|£'| gives 



\D\\C\ 
\G\ 



Proposition 9 Let a be a proper closed ribbon. The op- 
erators K^'^' , C e (G)cj, D e (N(7)cj, form a basis of 

/Co-. 

Proof. This is just a particular case of proposition [Ml □ 
For any proper closed ribbons a, consider the subal- 
gebra K.^ C 1C„ with basis {Kj^^ \ D e (Nc)cj }■ The 
point is that in view of (jB72l IA2ip we have /C^ ~ Zc, 
where Zc is the center of the group algebra C[Nc]. In 
particular the isomorphism identifies K^'-^ with cd := 
S/ieD ^- Note that the isomorphism preserves adjoints 
as defined in (|A18|) . This suggests the introduction of a 
different basis for /Co-- We define in analogy with (jA24p 



^RC 



INr^l 



(B75) 



-De(Nc)c 



where R G (Nc)ir- Due to (|A25p . the reverse change of 
basis is: 



fl:6(Nc)i.- 



(B76) 



And due to (jA23p . the elements of the new basis are 
orthogonal projectors summing up to the identity: 



KRCj^R'C 



K. 



RC 



Srm'^c.C'K^'', 



R,C 



(B77) 



10. The algebra Jp 

We discuss now the algebra of operators that gives the 
projectors onto states with different domain wall types in 
systems with Hamiltonian H^^' ([35]), with N C M C G 
subgroups, N normal in G. 



Definition 10 Let p be an open ribbon. The ribbon oper- 
ator algebra Jp C Tp consists of those operators J £ Tp 
such that [J, A*^] = [J, _B^] = for every vertex v and 
face f. 



We denote by an arbitrarily chosen representative 
of a class T of the double coset M\G/M, by Nt C M 
the subgroup of elements m such that mrxM = rxM 
and by Qt a set of representatives of M/Nt- For any 
open ribbon p we define the operators 



qeQT cec 



(B78) 



where C € (TV, NT)cj and T e M\G/M. From (|BT5|) we 
get 



jCT'i _ jCT 



E 

TeM\G/M 



J^^ - 1 

■Jp — -L, 



(B79) 



where the sum runs over C" G (iV, Af)cj, CC' = 
J2c" C'^" ^'^'i ^ denotes the inverse class of C. 
From (|B26p we get 



G|Tr(J^^ ) = |T|5c,iTr(l), 



(B80) 



which together with (|B79p and N^^, = 5(j c'\^\ gives 



|G|Tr(J^^^/f^') = |C||T|5, 



C,C'<JT.T 



Tr(l) (B81) 



Proposition 11 Let p be an open ribbon. The operators 
J^^, G E {N,Nt)c}, T G M\G/M, form a basis of Jp. 

Proof. Set {vi, fi) = dip and let T'p C Tp be the subalge- 
bra of operators commuting with A^^. . From (|B4ip and 
(EMI we get :F'p = ( E^eM F^'^^^-^^sM \h,geG).Jp(l 
T'p is the subalgcbra of operators commuting with -B^- 
From dm IMl) we get Jp = ( E,„gm i^™'*"'™^'*^ | h G 
7V,5 G G). Finally, if /i G G G (iV,NT)cj and 5 G T G 

M\G/M we have Em,eA/ -^p™''™'"''^^ = ^-JU^Jp'^- The 
result follows in view of (|B8ip . □ 
From the previous proposition and (|B9| IB51[ IB52P we 
get the following result, which is no longer true if the 
condition of N being abelian is removed. 

Corolary 12 Let p be an open ribbon and e an edge. If 
N is abelian [J, ] = [J, T^^] = for any J e Jp. 

For any open ribbon p and T G M\G/M, consider the 
subalgebra C Jp with bas is { J^^ | G G (iV,NT)cj }• 
The point is that in view of (jA21l IB79P we have Jc ^ 
Zn,Nt- III particular the isomorphism identifies J*^^ 
with eM . Note that the isomorphism preserves adjoints 
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as defined in (|A18|) . This suggests the introduction of a 
different basis for Jp. We define in analogy with (jA30|l . 

jRT '^fll-^ll^l - lr<\ jCT mnr,N 

■^p — IN 12 XR{(-)Jp , [ti82} 

' ' Ce(Af,NT)oi 



where R £ (iV,NT)ir- Due to ()A3ip . the reverse change 
of basis is: 



E —XHiQJ^ (B83) 

flG(JV,NT)ir 



And due to (|A29[) . the elements of the new basis are 
orthogonal projectors summing up to the identity: 



T/?Tt _ jRT 



tRT tR'T' _ c s; tRT 
•Jp ■Jp — OR,R'Ot,T''J p , 

R,T 



(B84) 



Two comments should be made here. First, in the 
particular case of M normal in G, M\G/M = G/M and 
for T G G/M we have Nt = M, so that the two labels 
for the basis of Jp are not related anymore. Secondly, 
although definition [10] only applies to open ribbons, the 
algebra Jp can be extended to any p taking proposition 
llll as a definition. As long as p is proper, the properties 
(|B79IIB84p wiU still hold. 

The special case of M normal and N central in M 
deserves special attention. Instead of (|B78|B82p we can 
write 



.,tM 



n.t 
P ' 



(B85) 



new 



where n £ N, i e G/M and x e (A^)ch, with (A^)ch 
the character group of N. Then, if p = P1P2 is an open 
ribbon from (|B9j) we get (|64|) . 



11. The algebra /C^ 

Here we discuss the algebra of operators that gives 
the projectors onto states of different charge, confined 
and topological, in systems with Hamiltonian Hq^^ ([35]) . 
where N C M C G are normal subgroups in G with N 
central in M . 



Definition 13 Let a be a closed ribbon. The closed rib- 
bon operator algebra JC'^ C J-^ consists of those operators 
K £ T„ such that [K,Al^] ^ [K,Bf] = [K,T^'] = 
\K,L^] = for any vertex v, face f and edge e. 



Note that if TV = 1 and M = G then IC'^ = JC^- 
We extend our previous notation and set {A, B)cj 
{ { bah \ b £ B}\a £ A} for two subgroups A, B of some 
other group. For each class C S {G/N, M/N)cj, we 



choose a representative rc G G. Let := {m G 
M I mrcffifc € N} and choose a set Qc C M of repre- 
sentatives of M/N'p. For any closed ribbon a we define 
the operators 



K. 



DC ^ EE F'^'^''-'^^'^''" 

qeQc deD neN 



(B86) 



where G G {G/N,M/N)^j and D G (N;^)cj- With this 
notation, the results (|B72p remain true, and (|B73I IB88|) 
only need a slight modification: 



|G|Tr(X,^^) = |q|iV|<5z,,iTr(l), 



(B87) 



\D\\C\\N\ 
\G\ 



Sdm'Sc.c"Tt{1). (B88) 



Proposition 14 Let a be a proper closed ribbon. The 
operators K^^ , G G {G/N,M/N)cj, D G (N;^)cj; form 
a basis of IC'„ . 

Proof. Set {v, f) ~ da and let JF^ C Ta be the subal- 
gebra of operators commuting with A^^ and B^ . From 

(maiMllBSa) we get = ( J^^^j^ F^hm,rngn. ^f^^g^ 

G,hghg £ N). /C^ C J> is the subalgebra of op- 
erators commuting with L^ and for every edge 
e. From ([B50l [HgTl lB59l |B63)) it follows that K.^ = 
(E,„eA/E„ew^r'"'''™^""M/i e M,g G G,hghg G 
N ) . But given such h and g there exists a class 
G G {G/N,M/N)cj and q £ Qc with qgqfc G N, 
and a class D G (N'(^)cj with qhq G D, so that 

I j^DC _ M'^l 7.-I5C 
m£M Z^riGN -"^^ CT \D\ a \C\\D\ 

The result follows in vi ew of (|B88l) . □ 
The change of basis (jB75| that leads to the relations 
(|B77P is possible for K.'^ just as it was for /Co-, with the 
only difference that now the representations R belong to 

For any proper closed ribbon we have J^ C /C^. In 
fact 



J" 



E ^ 

C<ZtM 



mC 



(B89) 



where n G iV, i G G/M, C G {G/N,M/N)^-^ and 



j^nc ^ j^uc ^ith D ^ {n] £ (A^,N'p)cj C (N^),j. 
From ((B76l [B82l lB89ll we get the following relation be- 
tween the corresponding projector bases 



J^'- E E 



{XR,X)n j^rc 
nR 



(B90) 



CdtM i?(E(N;-,)ir 

where x S (A^)ch, t e G/A/ and G G {G/N, M/N\y 

APPENDIX C: RIBBON TRANSFORMATIONS 

In this appendix we discuss several transformations 
that can be applied to ribbons. These transformations 
are interesting because they leave invariant the action of 
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FIG. 14: Several constructions with nice strips and ribbons. 
All elements are displayed as in Fig. 1131 The pi are rib- 
bons, except p5 and pg which are just nice strips. We have 
(pi,ri,p2)<i and (ps, 7-2, p4)>. ps is a dual block and pe is a 
direct block, py and pg form a simple deformation, (p7,p8) = . 

certain ribbon operator algebras on suitable subspaces 
of Tic- In order to proof the desired properties, we need 
some preliminary results. We will find useful the notation 
• =0 ■ for ■\^) = -1-0). Also, for strips p,p' and a trian- 
gle r, we write {p,T,p')^ if r is direct, (p, r)^, {p',T)y 
and we write {p,T,p')^ if r is dual, {t,p)^, (T,p')y, see 

Fig.m 

Lemma 15 Let p, p' be ribbons, \^) e Hg and H,H' C 
G normal subgroups with hh' = h'h for any h E H . h' E 
H'. 

(i) If {p,p')/\, there exist a direct triangle t such that 
(p,T,p')< a-nd for any f E Fp - {f dap, f dip} we have 
Bf =^ 1 then for h' E H' 

^P =V' Ff'''''''T';. (CI) 

k,leG 

(ii) If {P, P')v ^^^K for g eG 

T'p =^ Tl (C2) 

Proof. (i) Let p* = (/o, . . . ,e;,/;) and set s, = 
{doCi+i, fi) for i = l,...,r — 1. Consider the states 
|^g,h^ L^' T^i^' 5,^-^1 •■•iff; B^ri'lV'), .9 e G, h G 
jjr-i rjij^^j,^ j^H — I thus =^,3,h L^, —^g.h 

1- But 1^)'= E^eaT^Ei^eH'-^UZlB^U^^), 
and the result follows using (|B5ip and the fact that 
[L^, B,^J = [i^,, B^J = for kEH',hEH. 
(ii) The proof is dual to (i). Just note that 
one must use X^feeG -^r^ei-^r — 1 instead of 



TkeaT^L^i^ = 1 and EfceG 4-.T^e.^S._, = 1 in- 
stead of X;^^^ -B/,_ii2'5s._i = ^h-i- Alternatively, 
the result is trivial in terms of Wilson loops. □ 
When working with ribbon deformations, it is useful 
to consider triangle strips that are more general than 
ribbons but still allow to introduce operators. We say 
that a strip p is nice if no two of its triangles overlap 
or, equivalently, if p = pi ■ ■ ■ Pn with pi ribbons such 
that(pi,pj)0 for i ^ j. Then ribbon operators can be 
generalized for nice strips using (|B9p . Although such nice 
strip operators still commute with all vertex operators Ay 
and face operators Bf except those in their ends, they 
can no longer be characterized by this property. A direct 
(dual) block p is a nice closed strip such that (p, p)a 
((p,p)v), see Fig.m 

Lemma 16 Let p he a nice closed strip, lip) E Hg cind 
H E G a normal subgroup. 

(i) If p is a dual block and for any v E Vp we have =^ 
1 then 

=^ 1 (C3) 

(ii) If p is a direct block and for any f E Fp we have 
Bf =0 1 then 

Tf - v 1 (C4) 

Proof, (i) We proceed recursively on \Vp\. For \Vp\ = 
0,1 the result is trivial. So let \Vp\ > 1. Note that if 
(p,p')o then Lf = Lf, due to (|B52l) . Also, the path 
Pp = ("f^Oi • ■ • , e^, Wr) forms a tree. Thus, w.l.o.g. we 
can choose p such that vi = and there exists a 

dual triangle t such that p ~ P1P2 with a := ag^p = 
PiT and (p2, P2)<i- Set p2 = t' p^f' , with r' a direct 
triangle. Then L^' = L';;[L% = L^j Efcec ^^r' ^L^'" =^ 
Lp[ Efe6G T^,Lf'' = Lf^p'^L^^' = 1, where we have 

used the fact that p^f is a block and (jCip for r, f. 
(ii) Again the proof is dual to (i) or, alternatively, trivial 
in terms of Wilson loops. □ 

Corolary 17 Let p = pip2 be a nice strip. Under the 
same conditions of the previous lemma we have, respec- 
tively, 

(i) for h E H 

L"pi-i'Y.T'pLt', (C5) 

( ii) for g eG 

=^ nf. (C6) 

Proof. Apply (lB9l IbTKI) to (i) ^ and (ii) jCl. □ 
For a region R we will understand a collection of faces 
/. We also consider dual regions R* . collections of dual 
faces V* . 
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Transformation rules 



Extensions, contractions and rotations 



a. Deformations 

Before wc define general ribbon deformations, such as 
the one in Fig. |4l wc have to introduce certain simpler 
ones which are easier to manage in proofs, as the one 
depicted in Fig. 1141 Then simple deformations can be 
combined together to give the general ones. We say that 
the ribbons p, p' form a simple deformation, denoted 
{PtP')=, if (i) they are open, (ii) they share no triangles, 
(ill) {p, p')^y and (iv) for any e S we have die S Vp. 

The dual of (iv) is automatically true: for any e G E'^ 
we have f & Fp for /* = die*. We will use the notation 
Fp,p' = Fp- { fso , /si } and Vp^p' = Vpi - {vs^ , '^si }, where 
Si = dip = dip'. 

Let R = , i?2 ) with Ri a region and i?2 a region 
of the dual lattice. We introduce the relation between 
ribbons c:ifi as the minimal equivalence relation such that 
p'l pi if the following conditions are all true: pi = 
P2PP3, p'l = P2P'P3, {p,p')=, Fp^p, C Ri and 1/*^, C 
i?2- Thus, two ribbons are equivalent in the sense of ~r 
if they can be transformed one into the other through 
simple deformations within R. Given a state \^) G TLq 
and subgroups H, H' C G, H normal, we define R^'^ = 
R2) with Ri the region such that / G i?i iff Bf 1 
and i?2 the dual region such that v* G i?2 iff 
Then we write —^^ for —^hh' ■ 



1. 



Proposition 18 Let G Tic and H, H' C G normal 
subgroups with hh' = h'h for any h G H , h' G H' . If p, 
p' are ribbons with p —^'^ p' then 



^ p —4> ^ p' ' 



(C7) 



where h' e H' , S e G/H. 

Proof. Using (|B9p for p = P1P2P3 we can write 

ph'.gH \ ^ T^h' ,1 T^lh'l.lgraH T^fhgh' gra.ni fC*Q.\ 

^p — ^pi' ^ p2 ^P3 ' 



We also want to consider deformations in which the 
ends of ribbons are not fixed. Let Q = {Qi,Q2) with 
Qi,Q2 C Ecxt- We introduce the relation between rib- 
bons Xq as the minimal equivalence relation such that 
p Xq p' if p = pip'p2, Ey^ C Qi and E^^ C Q2. Thus, 
two ribbons are equivalent in the sense of if they can 
be transformed one into the other through extensions or 
contractions within Q. We also introduce an equivalence 
relation for closed ribbons, the minimal such that 

a a' if {a,a')o, EJ^^, C Qi and E^^^, C Q2. Thus, 
two closed ribbons arc equivalent in the sense of if 
they can be transformed one into the other through ro- 
tations within Q. Given a state \tJj) G Tic and subgroups 
H,H' C G, H' normal, we set Q^"' := (Qi,Q2) with 
Qi the collection of edges e with T^l^j) — IV^) and Q2 
the collection of edges e' with L^, lip) = Then we 
write 



H,H' 



for i<^HH' and similarly for 



Proposition 19 Let \ip) G Hq and H,H' C G sub- 
groups with H' normal, 
(i) If p, p' are ribbons with p '^^^ p' then 

^ ^ pkh'k.kgH _^ ^ ^ pkh'k,kgH (C9) 
keH keH 



where h' G H' , g e G. 

(ii) If (J, cr' are closed ribbons with a 



a' the 



E E ^ 



khk.kgk 



(CIO) 



keH 



keH 



where h,g G G, hghg G H' . 



Proof, (i) It is enough to consider p = p'r or p ~ rp' 
with T a triangle and then apply (|B9p . 
(ii) It is enough to consider that a > a' = r and then 
apply ([B32|) . □ 



l,meG 



Inversions 



and thus it is enough to consider simple deformations 
{PtP')=. In that case, we can set p = tiPit[ with Ti,r( 
dual triangles and there exists a ribbon p2 such that pip2 
is a block and the conditions of lemma[T6l(ii) are satisfied, 
so that (|C6P apphes. But {p2,p')\j, so that using \C2\ we 
get = T/^ =^ t| = T|. We can write p2 = f^p'2r2 
and p' ~ T2P3T2 with T2,T2 direct triangles, and set = 
fip2T^(. Then (p, P2)a and (jCl|) apphes. Also, P2P3 is a 
block and the conditions of lemma [16] (i) are satisfied, so 
that (jCSp applies (for H'). Putting everything together 

we get L^' =^ Ek,ieGFf''%^ =^ EkeG ^1^' "T^. 



L„, , where we have used also (|B9llBT6)) . 



We finally consider other kind of ribbon transforma- 
tions in which basically ribbons are reversed. As in the 
other cases, we start introducing suitable relations. For 
open ribbons p, p' and R = (i?i, Ri,) as above, we write 
P .— fi p' if dop = dip', dip = dap' and either (i.a) (p, p')^ 
and Vp C i?2 or (i.b) (p, p')a and Fp C Ri. For closed 
ribbons cr, a' and a triangle t, we write a =r^t f ' if ei- 
ther (ii.a) ((7, cr')^, r is dual, (cr, r, (t')[> and Vp* C i?2 or 
(ii.b) (cr, ct')a, t is direct, {a,T,a')^ and C Ri. For 
IV') G Hg, we write .='^^ for =^hh' and also 4=^'^ for 
=FnHH' ^ if either r is dual and L^ 1 or t is direct 
and =^ 1. 
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Proposition 20 Let \^) € Ha and H, H' C G normal 
subgroups with hh' — h'h for any h G H, h! £ H' . 
(i) If p, p' are open ribbons with p f='^'^ p' then 

F^'^s =^ Ff'^'^^ (Cll) 
where h' e H' , s e S e G/H. 

(a) If (J, <j' are closed ribbons with a 4=^^ cr' then 

^ ^ pkh'k,kSk ^ 'y ^ pkSh' sk.kS'k (C12) 

keH' keH' 

where h' G H' and s E S £ G/H with sgsg G H . 

Proof (i.a) This case follows from (|C2|C5p . 
(i.b) There exists ribbons pi and direct ribbons p'itP'I-, 
i = 1,2, such that p = p[pip'{ and p = P2P2P2- 
Then there exists a direct triangle r so that (jCip ap- 
plies to pi,p2- Moreover, for s = (?oPi we have /3s = 
Tp'ip'i =1/^ 1- Then using also (|B9p we have 

r /i' ST^ rprii T fhh' 7n j^lkh' kl.lrjik 

"'0 Z^meG^p'i pi """A l^k,leG^P2 p'lT "'0 

S;eG^S'7^.p^ =V T^i^gFT'- Together with jCSl), 
this gives (|Clip . 

("ii.aj From ([02]) we have T^,. We can set 

a = t'p, a' = p'f' with r' a direct triangle. The 
strip (To = fpTp' is a nice closed strip, and indeed a 
block. Then (|B9TC5ll give =^ Efcec ^^'^rl^'' =0 
Y,ki(iGTaLf'''F^!''^'^Lf^'''K But jell) implies = 

^kea Tr'^'f^'^ fo'' 5 G and then =^ 

T^keoTaLW^- The result follows. 

(ii.b) From ICiJ we have V'^ =^ Efc.;eG F^^'^'^^^^T^ . We 
can set cr = r'p, cr' = p'f' with r' a dual triangle. The 
strip erg = fprp' is a nice closed strip, and indeed a 
block. Then (IBM!) give =^ T/^ Tff,^ =^ 

Efceij' T'^T^f" . Using (|BT3)) the result follows. □ 

2. Deformations in jTp, /Ca, Jp and /C^- 

We are now in position to discuss the transformation 
properties of the ribbon operator algebras introduced in 
appendix|B] We distinguish three cases, which depend on 
the values of the subgroups iV, M that label the Hamil- 
tonian ([55)1 . 

a. The original Kitaev model: N = 1, M = G. 

In this case we are interested in the algebras J-p and 
/Cct- As for the first, open ribbons can be deformed so 
that if p ~^<^ p' then F^'^'S =^ F^/^ . That is, the action 
of J-p is invariant as long as ribbons are deformed with- 
out crossing any excitation. They can also be reversed: if 
p =1^^ p' then '3 =^ p9hg,g ^ Regarding closed ribbons, 
the action of K,„ is invariant under deformations (— ip) 



or rotations Closed ribbon inversions give charge 

inversion: if a =^'^ a' then K^'~^ =^ K^?^ ^ where 
Ff^ := (as defined in section lA 2[) with r^ = gfc9 
for some g E G. 

b. String tension: N and M normal, N central in M . 

In this case we are interested in the algebras J7p, which 
gives the domain wall fluxes, and /C^, which gives the 
charges. The action of Jp is invariant under deformations 
which do not cross confined excitations (~*/^), even if 
ends change as long as they do not cross a domain wall 
(^*^^)- Inversions {=^^) give domain flux inversion: 
(x, t) goes to (x*if)- The action of JC'„ is invariant under 
deformations [c^^,^'^) or rotations in which the end of 
cr does not cross domain walls (==:Jf^). Charge inversion 

(==^^0 is as follows: (i?, C) goes to {R^ , C) where R^ := 
R™ with 7'(j = fhfcm for some m G M . 

c. Domain walls: N normal and abelian. 

In this case we are only interested in domain wall 
fluxes, that is, in Jp. Its action is invariant under de- 
formations (those allowed by — ^^), even if ends change 
as long as they do not cross a domain wall (>i^^). Do- 
main wall flux inversion {^^^) is as follows: (i?, T) goes 
to {R^,T), where R^ := i?''^™ with rfM = ffifrM for 
some TO G M , so that ISSf = rfifT'^TT'Tnn. 

3. Charge types 

The previous results about closed ribbon transforma- 
tions must be complemented with the following one, 
which relates proper closed ribbon operators with local 
vertex and face operators. Let M C G be normal 
subgroups in G with central in A/, and define for 
R G (N;.)ii. and C G (G/A^)cj 

Df"" - ^ E E E XR{d)At^BT-^ (C13) 

'^^ D qeQcdeD 

where D runs over (NJ^)cj. 

Proposition 21 Let s be a site, a a closed ribbon and r 
a dual triangle with Ps =Fv^.r cr. // G Tia is such that 
=■!/> 1 fon o,ny vertex v ^ Vs in fs and L^ =^ 1 then 

i^r^^f^, (C14) 
where R G {'^'c%, G G (G/A^)cj. 

Proof. Let s' be the second site of cr, so that 
Vs' — Vs and e^- does not belong to fs' . The 
states := A^^Bf,, g e G, are such that 
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a. Then with the notation of ((CT2|) we have 

ETpkh'k,kSk Rff _ r,kh' kgkh' k Tpkh'k,kSk „ 

keH' ^nr ^s' - lukeH' ^s' 

Ertkh'kgkh'k r,kSk _ Akh' k r>kSk r>g 

Since | V') = E« -Sf, 1 1/'^) , the result follows. □ 



APPENDIX D: LOCAL DEGREES OF FREEDOM 

In this appendix we give the details of the results in- 
dicated in section pi Dp . Choose any C G (G)cj and two 
indices and define 



\n) := |n;z,z') I^-g), 



(Dl) 



where \'ipG) is a ground state of Hq ([T]). Let V be the 
space with basis |7i), n € N^. Then there exists an 
evident isomorphism p : C[Nc] — > V . For n, n' G Nc 
and s = dop, s' = dip, consider the operators 

a„,„' :=^f'"''4''"''*'- (D2) 

They give a representation a : Nc x Nc — > GL{V) 
because 

Oni.nal") = l«l'^"-2> (D3) 

SO that if 7^ : Nc x Nc — > GL(C[Nc]) is the rep- 
resentation of appendix A, we have am^n^P — p7lni,n2- 
This has several consequences. First, if we define in ac- 
cordance with (jAlSp a basis for V with elements 



neNc 

then in the new basis 

an,n'\R;j.r)^ r']^,in)r']^''{n')\R;kk'). 

k,k' = l 

In C[Nc] from (|A19P we get 

which through the isomorphism p give 

a^Ra'j^'''' \R';jj') = 5R,wSy.jSy,^j,\R-uu'), 
aR\R';jf) = a'j.\R';jj') = 5RM>\R;jj'), 



^Rf ^R 



where 



nR 
INcI 



ri(ENc 



UR 

INcI 



neNc 



(D4) 



(D5) 



(D6) 
(D7) 



(D8) 
(D9) 



(DIO) 
(Dll) 

(D12) 




FIG. 15: In a torus we can find a pair of closed ribbons 
(7, o' such that they form a crossed joint, (cr, o') + . This is not 
possible in a sphere. 



Note that Or ,aR G P^, cl'r^^ tCl'r^ G P^'. 
Finally, from (|B42l) we have 

Bl''Blr\n;i,i') = 4,z<Sfc'.z' |"; ^ (D13) 
and from (|B4ip 

Af'='?'A^>"''>;i,/) = |n;A:,fc')- (D14) 

Note that \R;jj') is just a shorthand for ([2T|) . Finally, 
these results must be complemented with proposition [^T] 



APPENDIX E: SINGLE-QUASIPARTICLE 
STATES 

Only in a surface of non-trivial topology can wc find 
two closed ribbons a, a' such that (cr, cr')_|_, see Fig. [TSl 
When such ribbons exist, wc can construct for any h, g ^ 
G the state 



(El) 



The state IV') is not zero, because (|B21|B45P 

Ll,Ll\^Hg) ^l[Au\l). (E2) 

V 

At most, it can have an excitation at (w, /) = da = da' . 
In fact ((B45|l 



Bfl'^hg) 5ghJig\tphg), 



(E3) 



showing that for non-abelian groups single-quasiparticle 
excitations exist. 



APPENDIX F: CONDENSATION 

In this appendix we give the details of the calculations 
of certain expected values for ribbon operators (F) for 
a ground state of the Hamiltonian ([35]) for N C AI C 
G subgroups of G, N normal. Such ground states are 
characterized by the conditions ([36]) . For S C G, g € G 
we introduce the notation 



Og,S 



OgS,S- 



(Fl) 
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Proposition 22 Let h, g £ G, n <E N and \ip), \'4>y G Hg 
satisfy ([36| . 

(i) For an arbitrary ribbon p 

F^^^\i^) = 6g,MF';-^^\^), (F2) 
{i^'\F';-3\^P)=Sn,M{^'\F';-ni^). (F3) 

(a) If p is an open ribbon 

F^'^H) = 1^), (F4) 

(F5) 



vo^ = va,p to V. If we set = O.^.o Efc T^^^^', 
with the product running over all vertices in R, one can 
check that lip) = ^™|?/') = L™\ip). The other case is sim- 
ilar. Thus, for m e M we get (F^s) = dg^NiF^^""-^), so 
that (F^'f) = SgN^h m{F^-'^). The result follows since 
(^^;^^) - (^^;^^) = (1). □ 
A state satisfying (jF4IF6[) for all open ribbons p and 
boundary ribbons a cannot contain vertex, face or edge 
excitations. Therefore, these conditions characterize 
ground states. 



We proceed to check (|49l) . the derivation of ([5611 is 
similar. From (|B70| IFT]) we get 



(Hi) If a is a boundary ribbon 



Sh,MSg,Nj^^{i^'\ij)- 



(F6) 
(F7) 



\cnN\ 

\N\\G\ 



Y,\DrigMgl 



(F8) 



96G 



where D S (Nc)cj, C G (G)cj. This together with (|B75l) 
gives dH]) because if cm T is the induced representation 
in G of the identity representation in M 



\M\ ^ ''9,kMk- 

As for (l55l). from (IF5I) we have 



Proof, (i) If p is a triangle this is a direct consequence 
of the identities L^^Lf = Lf, T^T^^^ = 5g mT^T^'^ , 
T^LhTM = 5h,MT^'L'^Tf and L^^T^i^ = L'^Tr L'? ■ 
For general ribbons, just apply (|B9[) . 

(ii) F rom (i) we get = = IV') using 
(|BT6)) . Let Si = and set (•) := • |^/;). Then from 
dm [Ml) we have {Fj^^s) = {B^^F^s) = {Fl^'S'^-B^J'} = 
6h,N{Fl;'3'"') and for m e M from ([BiT] [36l) we have 
(Fp'''9) = = (A™F^''9™} = (F^''9™). Thus 

= 5g },[5h n{FI'^) and the result follows since 

(f;^m^ = (f;'«) = (i). 

(iii) Using the notation of appendix [Cl Pa encloses a disc 
i? C i?^ so that Fj^^lV') = IV')- Also, = 
for any m G M. To check this, suppose for example 
that the edges lie outside R and choose for each ver- 
tex u in i? a ribbon p^ with pp^ a path inside R from X^nGA/* ' ^^('t.) = if (xfl, 1)^ 



(F9) 



|M|( 



neNc 



riG-A/c'' 



r]| (n), 



(FIO) 

where M*^*' := Nc n g^Afq^. If A'/*^*' is empty, we 
are done. Else, M" = Ml'^s for some s G Nc, so 
that E„eM--' = E„GA/'- Ffl(n)r,i(5). Butjel 

0. 
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